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Preface

The content of the present PhD thesis is a collection of selected papers 1 worked on during my
four-year PhD program at the Scuola Superiore Meridionale. The common theme of the problem
is the Robin boundary condition and its application in the study of thermal insulation. From a
mathematical point of view, all the problems we will consider are two-phase shape optimisation
problems, where one phase, 2, usually fixed, represents the conductor and the other one, 3, which
will vary, represents the insulator surrounding it. This thesis aims to present the various results
in an organic and unified manner.

The problems can be divided mainly into two categories: bulk and thin insulation problems.
For the bulk insulation problems, we mainly focus on the existence of a solution, and we will use
the technique of free discontinuity or free boundary problems. In contrast, for the thin insulation
problems, we will use I'-convergence to approximate the problem in the limit of highly insulating
materials of negligible thickness. The approximated problem is usually simpler and allows us to
describe the shape of the solution through auxiliary problems.

The thesis is organised into five chapters, which we summarise below.

Chapter 1 introduces the Robin boundary condition, reviews its principal properties, and
illustrates its relevance in the context of thermal insulation. Starting from the heat equation, we
derive the three central mathematical problems studied in chapters 3 to 5.

e The Capacitary problem. We assume the steady-state temperature to be constant in the
conductor 2 and harmonic in the insulator . The variational energy associated with the
problem is

E.(Z,v) = k/ Vo2 dx + v? dH™ L,
3! a(QUx)

which is related to the relative Robin capacity of € with respect to QU 3.

e The Poisson problem. We assume {2 to be heated by a heat source represented by a positive
function f. Then the steady-state temperature will, indeed, be the solution to a Poisson
problem with a transmission condition on the boundary 0€2. In particular, we will study
the variational energy

E,(X,v) :/|Vv|2 dm+k‘/|Vv|2dx—|—ﬁ/ v? dH™ ! —2/ fvdx
Q b a(uUyx) Q

e The spectral problem. We look at the eigenvalues which govern the time evolution of the
system. Such eigenvalues can be characterised by a min-max formula and the Rayleigh

quotient
/!Vv|2dx—|—k/|Vv2dx+B/ - vraH !
Q ) a(QUE)

/ v? dx
QUE

R(X,v) =



vi CONTENTS

Chapter 2 gathers the preliminary tools used throughout the thesis: properties of SBV
functions, the distance function from smooth sets, tangential differentiability, and main results
about I'-convergence.

Chapter 3 is devoted to the analysis of the energy F.. Section 3.1 presents the results of [1]
(see also [28]), in which we studied a non-linear version of E. in the setting of the SBV function.
In Section 3.2, we study the energy F. in the thin layer setting, namely, we assume k =€ > 0 to
be small and ¥ to be a thin layer, of thickness € described by a function h. In particular, we
present the results of 5], in which we studied a first-order development in I'-convergence of the
energy E. for € going to zero.

Chapter 4 addresses the energy E,. Section 4.1 presents the results of [4], in which we study
energy I, in the setting of SBV: function. In Section 4.2, we present the result of [36], in which
the authors studied the limit of the energy in the thin layer setting. Then in Section 4.3, we

present the result of [3], in which we proved a first-order development by I'-convergence of the
energy in the thin layer setting.

Chapter 5 studies spectral problems in the thin layer setting. In Section 5.1, we present
some results about the convergence and first-order approximation of the eigenvalues (see [30]).
Section 5.2 concludes the thesis with the discussion of the symmetry-breaking phenomenon in the
optimisation of the principal limit eigenvalue proved in [18] (see also [38]).



Chapter 1

The Robin Boundary Condition and
Thermal Insulation

In the present chapter, we will briefly introduce the Robin boundary condition and the optimisation
problem that will be studied in the subsequent chapters.

1.1 The Robin boundary condition

Let Q C R™ be a bounded open set with Lipschitz boundary, and consider the following boundary
value problem
—Au=f in Q,

(1.1)
Oyu+ Pu=0 on 0N,

where f is a prescribed function, v is the outer unit normal to 99, and 5 € R\ {0} is the so called
boundary parameter. The boundary condition in (1.1) is known as the Robin boundary condition
and can be seen as a combination of Neumann and Dirichlet boundary conditions, which can be
interpreted as the limit cases § = 0 and 8 = 400 respectively. Whenever we consider a solution
to (1.1), unless otherwise specified, we will mean weak solution in the Sobolev space H'(2), that
is

/Vqudx—i—/ Bup dH™ 1 :/ftpdx, (1.2)
Q oN Q

for all p € H(2), where H"~! denotes the (n — 1)-dimensional Hausdorff measure in R". We
notice that equation (1.2) is the Euler-Lagrange equation associated with the variational energy

Flv) = / Vol dz + / B dH 2 / Fode.
Q o0 Q

In the following, we will focus on the case 5 > 0 as a full discussion of the case 8 < 0 would
require the introduction of the Steklov eigenvalue problem. We refer the reader to [51, §3.6] for a
general discussion on the solvability of Robin boundary value problems in H'.

The crucial tool in the study of the Robin boundary condition, in analogy with the Dirichlet
case, is the following Poincaré-type inequality: there exists Cp, = Cp(€, 5) > 0 such that for every

ve HY(Q)
/v2dxgcp[/\vv2dm+/ 502&["1]. (1.3)
Q Q o0

Consider the bilinear form on H'(Q) defined as
ag(u,v) = / VchpdaH—/ Bup dH" L.
Q o0

1



2 CHAPTER 1. THE ROBIN BOUNDARY CONDITION AND THERMAL INSULATION

By the continuity of the trace operator in H'(2) and by the Poincaré-type inequality, it is easy

2n
to see that ag is continuous and coercive. Moreover, if f € Ln+2(Q2) (for n > 2 and in LP(Q2) with
p > 1 for n = 2) the linear functional

@EHl(Q)H/fgod:UER
Q

is continuous, hence, by Lax-Milgram theorem, (1.2) admits a unique solution that we will, usually,
denote by ug. We notice that, if f € L%(2), by (1.3) we can bound the H'(Q) norm of uf by the
L?(Q) norm of f. Indeed, by (1.2) and Young’s inequality we have

C, 1
Vu 2daz+/ 5u2d’H”1:/fu da;gp/f2dx+ u? d.
/Q f o0 a’ 2 Ja 2C) Jo !

Then, using (1.3), we have

/vaufy2dx+/mﬁu§dm—l < cp/Qdea;, (1.4)

hence,

/Qufzdx—i—/Q]VUdexSCp(l-l-Cp)/Qde:c. (1.5)

From the previous inequality, we have that the resolvent operator
feL*(Q)—uye L*Q)

is compact and, by direct computations, self-adjoint and non-negative. Hence, the Laplace
operator with the Robin boundary condition admits a discrete spectrum

0 < Ag1(02) < Xga(Q) <+ < Ag(Q) < - = +o0

and an orthonormal base of eigenfunctions { ug ;(£2) } such that

—Aug ;= A3 j(Qug; in Q,
B 8.3 8.3 (1.6)
Oyugj + Bug; =0 on 0f).

The principal Robin eigenvalue Ag(£2) = Ag1(€2) can be characterised as the minimum of the
Rayleigh quotient

/yvvy2da;+ Bu?dH" !
Q o0 )

Ao(Q) = mi
M= o) / 2
Q

From the previous characterisation, we remark that Ag(€2)~! is the best constant in the Poincaré-
type inequality (1.3). Similarly, we can characterise the j-th eigenvalue via the min-max formula

/]Vv|2d:c+/ Bu?dH" !
Ag,;(£2) = min & o0

max

VeG; veV\{0} / o da ’
Q

where G is the set of all subspaces of H!({2) of dimension j.

As the Rayleigh quotient is monotonic increasing in 3, it is easy to check that the j-th
eigenvalue is monotonic increasing in S as well. Moreover, if we denote by {)\jv ()} and



1.1. THE ROBIN BOUNDARY CONDITION 3

{ )\]-D (©) } the spectrum of the Laplace operator with Neumann boundary condition and Dirichlet
boundary condition, respectively, we have that for every j € N and every 8 > 0

AT (Q) < Az i(92) < AT (Q). (1.7)

Indeed, the Neumann and Dirichlet eigenvalues can be characterised as

/\VUP dx /]Vv[zdx
MV(Q) = min max 22— and )\]-D(Q) = min max & —
VEG; vev\{0} / o2 da veaveV\{0} / 2 d
Q Q

where G? is the set of all subspaces of H{(f2) of dimension j. The Neumann eigenvalues then
correspond to the Robin ones with 5 = 0, and the first inequality in (1.7) is a consequence of the
monotonicity in 5. To prove the second inequality in (1.7), it is enough to notice that G? C Gj
and that the boundary term vanishes for every v € H} ().

At the beginning of the section, we stated that the Dirichlet boundary condition can be
recovered from the Robin one as the limit as the boundary parameter 8 goes to +0o0. We now
have the tool needed to support such a claim. Fix f € L*(Q) and for every 8 > 0 let ug be the
weak solution to (1.2), where this time we remark the dependence on S and not on f, which
is fixed. We are interested in the limit of the functions ug as B positively diverges. For every
diverging sequence [, by the monotonicity of Ag(£2) in 3, we can uniformly bound the constant
Cp(£2, Br) in (1.3) so that, using (1.5) and (1.4), we have

lug ) < C,
and

Br /{m ug dH"' < C (1.8)

where the constant C' is uniform in k. Then, up to a subsequence ug, converges weakly in H L)
(and strongly in L?(2) and L%(09)), to a function u., € H'(Q). Using (1.2) we have that for

every ¢ € HE(Q)
/ Vug, Vodr = / feo,
Q Q

so that, by weak convergence of ug, , we have

/QVuochpdx:/Qfap, (1.9)

for every ¢ € H}(Q). Moreover, by (1.8) we have that the trace of us on 9 is zero, so that
Uso € HE(Q), and by (1.9), us is the weak solution to the Poisson problem with Dirichlet
boundary condition

—Aug = f in €,
Uso = 0 on 0f).

Finally, as the limit does not depend on the sequence fj, we have that ug converges to u
strongly in L?(€).

The boundary parameter 8 does not need to be constant and, in general, can be a non-negative
function on dQ. The most common assumptions are 3 € L°°(9Q) and 8 > By > 0 H" l-almost
everywhere on 0), where (3 is a constant. The first assumption implies the continuity of the
bilinear form ag, while the second implies the coercivity. To prove the existence of a unique
solution to (1.1) and of the discrete spectrum, however, weaker assumptions can be used; for
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instance, for the continuity, it is enough to assume g € L"(09Q2) with r > n — 1, while, for the
coercivity one can assume 3 > 0 H" -almost everywhere on 9Q and

BdH™ ! >0,
08
for every connected component €2; C 2. Indeed, we have the following proposition.

Proposition 1.1. Let Q be a bounded open set with Lipschitz boundary and let 5: 0 — [0, o]
such that

BdH™ ! >0,
o0

for every connected component ; C Q. Then there exists a positive constant Cp = Cp(2, 8) > 0
such that, for every v € H'(2)

/ v?dr < C, [/ |Vo|? dx + Bu? d’H"‘l].
Q Q o0

Proof. By the regularity and the boundedness of €2, we know that it has a finite number of
connected components at positive distance from one another. Hence, without loss of generality,
we will prove the proposition only in the case of €2 connected.

By contradiction, assume that for every k € N there exists v, € H'(Q) such that

/v,%da:>k[/]Vvk]2dx+/ ﬂv%d%"l}.
Q Q o0

By the homogeneity of the inequality, we can assume that

/ vide =1 (1.10)
Q

for every k € N. Then ||Uk||H1(Q) is bounded and, up to a subsequence, v; converges weakly in
H'(Q) and strongly in L?(Q2) and in L?(9Q) to a function v € H(2). Moreover, we have that

lim/|Vvk|2dx:O
kJa

hence Vv = 0 and v is constant. Up to a further subsequence, we can assume that v converges
to v H" '-almost everywhere in 9, so that, by Fatou’s lemma

v? / BdH" ! <liminf [ BuidH" ! =0.
Gle! ko Jaa
However, by (1.10) we have that v # 0, so that we can conclude

BdH" ! =0,
o0
which contradicts the assumptions. O

One could even allow the function 8 to be infinite on a subset I' of the boundary with positive
H™! measure; however, in such cases, it would be more proper to speak of mized boundary
condition as the right space to study the problem is

Hi(Q) ={ve HY(Q): u=0 H" '-almost everywhere on T }.
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A crucial difference between the Robin boundary condition and the Dirichlet one is the
regularity of the set ). Indeed, in the previous discussion, we had to assume the boundary of
to be Lipschitz, while, in the case of the Dirichlet boundary condition, no particular regularity
is needed. To study the Robin boundary condition on a general domain, a different approach
is needed. For instance, in [35] (see also [32]), the author proves the existence of a solution to
(1.1) in a general open bounded domain 2 using a key inequality by Maz’ja (see, for instance, [54,
inequality 5.6.20]). The idea is to consider the Maz’ja space, that is, the abstract completion, V,

of the space
Vo={ve H(@QNCEO)NC®): |v]y < oo}

with respect to the norm ||-||y, defined as
ol = IVollZ2) + [VlZ200)-
Maz’ja’s inequality states that there exists C' = C(€2) > 0 such that, for every v € 1},
ol zs; < Clivllv,

Then, ag as a bilinear form on V/, is continuous and coercive, so that, by Lax-Milgram theorem,
equation (1.1) admits a unique solution in V for every f € V', the dual space. In particular this

2n
is true for every f € Ln»+1(Q).

From a shape optimisation point of view, Maz’ja space is not the right setting to study the
Robin boundary condition when the domains are allowed to have internal cracks, as semincontinuity
issues might arise. In such cases, at least when f is non-negative, one may use a variational
approach (see, for instance, [19, 23, 22|) and define the solution to (1.1) as the minimiser of

/|vv|2da:+ﬁ/ 7 4 v? dH ! /fvdx

among the non-negative SBV(R"™) (or SBV%(R”)) functions with support in  an jump set
Jy C 082 (see Section 2.1 for the definitions).

We conclude the section by briefly discussing the Robin version of two classical shape
optimisation problems with Dirichlet boundary condition, namely: The Faber-Krahn inequality
and the Saint-Venant inequality.

The eigenvalue problem

The Faber-Krahn inequality is probably the second most famous shape optimisation problem
(The first being the isoperimetric inequality) and states that the ball minimises the first Dirichlet
eigenvalue among sets of equal measure, that is, for every bounded open set 2

AP(QF) < AP(Q)

where Q* is a ball such that £"(Q*) = £"(£2). By the scaling properties of the Dirichlet eigenvalues,
the inequality can be stated as

L£(B)=\P(B) < £M(Q) = AP(Q)

for every ball B and every open set Q. If ) is a (connected) open set in R?, the first Dirichlet
eigenvalue AP (Q) is the principal frequency of a Q-shaped drum. Then the Faber-Krahn inequality
states that among all drums of a given area, the circular one has the lowest principal frequency.
Conversely, among all drums of given principal frequency, the circular one is the cheapest to
build as it requires the least amount of material to make. The Faber-Krahn inequality was first
famously conjectured by Lord Rayleigh in 1877 in his book "The Theory of Sound" ([59]), stating
that:
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If the area of a membrane be given, there must evidently be some form of boundary
for which the pitch (of the principal tone) is the gravest possible, and this form can
be no other than the circle.

The conjecture remained open till the '20s when it was proved independently by Faber ([41]) and
by Krahn ([50]). The Faber-Krahn inequality for the first Robin eigenvalue states that, for every
B >0,

Ag(27) < Ag().

The inequality is also known in the literature as the Bossel-Daners inequality, as it was first
proved by Bossel in [15] in n = 2 for smooth sets and then generalised by Daners in [33] for n > 3
for open bounded sets with Lipschitz boundary. Contrary to the Dirichlet eigenvalues, the Robin
ones do not have good scaling properties; hence, the Bossel-Daners inequality cannot be stated as
a scaling invariant inequality.

In analogy with the Dirichlet case, the first Robin eigenvalue is described as the principal
frequency of an elastically supported membrane; however, as we will see in the following, we will
interpret A\g(2) as an indicator of how fast the temperature in an Q-shaped conductor decays.
Then the Bossel-Daners inequality states that one of the reasons why many furred animals, like
cats, prefer to sleep in a curled-up shape is that ball-shaped conductors retain heat better than
any other shape of equal volume.

The Bossel-Dares inequality was generalised to arbitrary open sets in [19] (see also [20, 24]),
where for a general open set with finite measure, the first Robin eigenvalue is defined as

9 _92 2 n—1
IVl dm+ﬂ/va +o dH veSBVI(R")\ {0},

/ o2 da Lr{v>03\Q) =0, H"1J,\90) =0

A3(Q) = inf { -

In particular, it can also be stated as a Poincaré-type inequality. Namely

n

\Vo|? dx —1—5/ 7+ 2 dH" ! > Ag({v >0 }*)/ v? de. (1.11)
R” T

The torsion problem

The Saint-Venant inequality is a classical inequality in shape optimisation which states that the
Torstonal rigidity of a beam of cross section 2 is always smaller than the one of a circular beam
of cross section having equal area. For every bounded open set €2, let wq be the solution to the
Poisson problem

—Awg =1 1in Q,
wq =0 on 0f).

The torsional rigidity of a beam of cross-section €2 is defined as

T(Q) = / wq dz.
Q
The Saint-Venant inequality can then be stated as
T(Q) <T(Y),

for every bounded open set 2. The inequality was first conjectured by the French mathematician
de Saint-Venant in 1856 and then formally proved by Polya in [57]. Let 8 > 0, for a bounded
open set with Lipschitz boundary, we define we define the Robin torsional rigidity as

Ty(Q) = /Q wy g dr,
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where
—Awgg =1 in €,

Oywga+ Pwga =0 on IS
The Saint-Venant inequality with Robin boundary condition, that is
Ts(Q) < Tp(2%),
was proved in [23| by studying the problem in the SBV setting. However, it is also a consequence

of the Talenti comparison result for the Robin boundary condition proved in [7].

As we will see in the following section, the Saint-Venant inequality with Robin boundary
condition can be interpreted as the fact that, among uniformly heated conductors of given volume,
the ball-shaped one has the highest mean temperature.

1.2 Thermal insulation problems

We consider a conductor ) surrounded by a layer of insulating material 3. Let kq and ky, be
the thermal diffusivities of the two materials. If we assume the conductor to be heated by a
constant-in-time heat source, represented by a non-negative function f, then the temperature
T = (T, Tx) will satisfy the heat equation

(0, Tq — kqATo = f  in Q x (0, +00),
OTs — kAT, =0 n Y x (0, —I—OO),

To =1Tx on 99 x (0, 4+00),
(1.12)
k‘Q@VOTQ = k‘zayoTz on 0f) x (0, —I—OO),
TQ(-, 0) =Tapo in
Tg(-, 0) =Txo in 3,

where Ty = (T,0,Tx,0) represents the initial temperature of the insulated body, and 9, is the
derivative in the outward normal direction to 9. To solve (1.12), a suitable boundary condition
must be imposed on the surface 0¥ \ 02 where the insulated body comes into contact with
the environment. Such boundary conditions must be chosen according to the mode of heat
transfer with the environment. Let Teyt be the outside environment temperature. Two of the
most commonly used boundary conditions are:

e the Dirichlet boundary condition
Ty = Textv

which models the case of conduction,

e the Robin boundary condition
—ks0,Ts = B(Ts — Text),

where 0, is the derivative in the outward normal direction to 93 \ 0f2, and 3 is usually a
positive representing heat transfer coefficient, which, according to Newton’s law of cooling,
models the convection case.

More generally, by Fourier’s law, one could impose non-linear boundary conditions of the type

_kZ&/TE == 6(T27 Text)v
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Such boundary conditions are relevant, for example, in the case of radiation heat transfer where

0(Ts, Text), according to Stefan-Boltzmann law, is proportional to Ta — T,

In our model, the external temperature Tuy is assumed to be constant and homogeneous.
Hence, in the following, we will consider v = T — T, and change the boundary conditions
accordingly.

In the present work, we will focus on the Robin boundary condition, which, in terms of v,

simplifies to
kx0,vy, + Bus = 0.
Hence, denoting the insulated body by A = QU X, we can rewrite the heat equation for our
system as
Ovg — kqAvg =f  in Q x (0,400),
Oy, — ksAvs, =0 in % x (0, —|—oo),
v = vy on 09 x (0, 4+00),
(1.13)

kqOy,va = kxOy,vs  on 0L x (0,400),

kx0,vx, + Bus =0 on 0A x (0, 400),

Lv(-,0) =g in A.

Let u be the steady-state temperature, that is the solution to the following Poisson problem

(—koAug = f in Q,
Auyxy =0 in X,
uQ = Uy on 0f), (1.14)

kqOy,uq = kx0y,ux.  on 0f2

ksOyus, + Bus, =0 on JOA.

By the linearity of equation (1.13), v — u is the solution to the homogeneous heat equation with
initial condition vy — u. Hence, to determine the temperature v, we have to find the solutions to
the homogeneous equation that is

(Oywa — kqAwg = 0 in Q x (0, +00),
Ows, — ksAwy, =0 in ¥ x (0, 400),

wq = wy on 99 x (0, 400),
(1.15)
kO, wq = kx0y,ws,  on 09 x (0,400),
ks,0,ws; + Bwy, =0 on 9A x (0,400),
w(-,0) = wy in A.
We start by looking for particular solutions to equation (1.15) of the type w (¢, z) = e Muy(z).
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By direct computations, wy # 0 is a solution if and only if

—kQAU)\,Q = )\u,\,Q in Q,
—ksAuy» = Auy x in X,
UNQ = UAY on 012, (1.16)

kO, ux0 = ksOyuyy  on 0f

kZ&/“A,E + /BUA,E =0 on 0A,

that is, if and only if uy is an eigenfunction of the previous problem with eigenvalue .
By classical results, problem (1.16) admits a discrete spectrum

Let { u;j } be an associated L2-orthonormal basis of eigenfunctions, then we have

o0

v(t,z) = u(x) + Z cje ity (),

J=1

where
cj = / (vo — w)u; de.
A

We remark that the eigenvalues, and in particular Ag ;, characterise the rate of decay of v to u;
in particular, smaller eigenvalues mean a slower decay.

Then, in designing the best possible configuration of insulating material, ¥, it is natural to
study optimisation problems related to the Poisson equation (1.14) and to the spectral problem
(1.16). Additionally, a third, more geometric problem arises from (1.13). Namely, the ideal
case in which we continuously supply the conductor €2 with enough energy to keep it at a fixed,
homogenous temperature. Up to rescaling, we can assume the temperature of €2 to be equal to
one, then the steady-state temperature is a solution to

;

ug =1 in Q,
Auyx, =0 in X,
(1.17)
Uy = UQ on 011,
ks0pux + Bux, =0 on 0A.

We notice that (1.17) can also be seen (up to appropriate rescaling) as the limit case of equation
(1.14) for kg going to infinity. We will refer to this last problem as the capacitary problem, as the
variational energy associated with the solution w is exactly the Robin relative capacity of 2 with
respect to A, that is

min k2/|Vv|2d:E—|—ﬂ/ v? dH™
% 0A

where H" ! is the (n — 1)-dimensional Hausdorff measure.

ve HY(A),
v(x)=1inQ [’

Let us now fix some assumptions and notations. For simplicity’s sake, from now on we will
assume kg = 1 and denote ky; simply by k. Moreover, given the continuity condition ug = ux
on 02, we will drop the dependency on the set and simply denote them both with u. However,
since the normal derivative, in general, does have a discontinuity on 9€2, we will denote the limits
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from inside of Q and the one from inside ¥ with d,u~ and d,u™ respectively. Finally, from a
shape optimisation point of view, it will be useful to explicitly express the dependence on the
configuration of insulating material, which for us will usually be the whole insulated body, hence,
for instance, in the following we will denote the steady state temperature in an insulated body A,
by the symbol u 4.

In the following sections, we will discuss each problem and its respective mathematical
formulation.

1.2.1 The capacitary problem
With the name the Capacitary Problem we refer to the following:

given a conductor €) kept at fixed temperature v = 1, find the best possible configura-
tion of insulating material, 3, surrounding it.

To give a mathematical formulation of the problem, we first need to specify what makes a
configuration of insulating material "better" than another. As mentioned in the previous section,
given a set A containing €2, the function w4, solution to the boundary value problem (1.17), is
the minimiser of the variational energy

E.(A,v) = k:/ |Vol?dz+ 8 [ v2dH" !
A\Q dA

among all functions v € H'(A) such that v = 1, almost everywhere in Q. At its optimum, the
energy is given by

E (A) = E(Auq) =8 [ uadH™ !,
0A

by the Robin boundary condition, this is equivalent to
E(A) =~k [ dyuadH" ",
0A

That is proportional to the heat flur across the boundary of the insulated body. E.(A) is then
related to the amount of energy needed to maintain the body at the desired temperature; hence,
it is a measure of the "goodness" of the configuration. We could then say that a configuration A
is better than a configuration A if less energy is needed, that is, if

Ec(Al) < EC(AQ).

Finally, the problem is to minimise the quantity E.(-) in the class of sets containing 2. However,
the cost of the insulating material should also be taken into account, either by imposing a
maximum quantity, m, at one’s disposal, that is, adding the constraint

LA\ Q) <m,
or by penalising the per-unit cost of the insulating material, that is, to minimise the energy
Ec(A) = E.(A) + CoL"(A\ Q).

We remark that, if a minimiser, A*, of &, exists, then it is also a minimiser of the constrained
formulation with mass m = L"(A* \ Q).

In Chapter 3 we will study the existence and the shape of an optimal configuration.

To prove the existence of an optimal configuration, we will use the penalised formulation as
it adds compactness to the problem. Actually, following the approach of [28] (see also [22]) we
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will work in a weaker setting, namely, we will work in the setting of special functions of bounded
variation (see Definition 2.10), identifying the set A with the set { uq > 0} (see Section 3.1 for
the precise formulation).

To try to describe the shape of an optimal configuration, on the other hand, we will use the
constrained formulation. In particular, we will work in the thin layer setting: we will assume that
the insulating layer ¥ = A\  can be described by a positive function h on the boundary of €,
times a small parameter € > 0, related to the thickness of the layer. We will be interested in the
asymptotic behaviour of the energy as € goes to zero (see Section 3.2 for the precise formulation).

The results by [16] and [6] for the Dirichlet boundary condition suggest that, in order to
still see, in the limit, the effects of the insulating layer but not trivialise the problem, we should
assume that the thermal diffusivity, k, is also of order €, that is: we are using a "small" quantity
of "good" insulating material.

We will approximate the energy using the tools of I'-convergence (see Section 2.4) and optimise
the approximated energies with respect to the function h.

1.2.2 The Poisson problem

With the name the Poisson Problem we refer to the following:

for a given heat source, f > 0, distributed in a conductor €2, find the best possible
configuration of insulating material, ¥, surrounding it.

As for the previous section, the "best" configuration is one that minimises an appropriate
energy associated with the system. The energy chosen for the capacitary problem in this case is
not a good choice. Indeed, as previously stated, the heat flux across the boundary of the insulated
body is related to the energy supplied to the system, that is, the integral of the function f.
Mathematically, given a set A containing €, if u4 if the solution to the boundary value problem
(1.14), then by direct computations, we have

—k [ QusadH™ ! = / fdz,
0A Q
which is constant in A.

From a variational point of view, u4 is the minimiser, in H'(A), of the energy

E,(A,v) :/|Vv\2daz+k‘/ |Vv|2d3:+ﬁ/ v2d’H”_1—2/ fvdzx,
Q AQ 9A Q

whose minimum is

E,(A) =Ey(A up) = —/ fuadx.

Q
If the heat source is uniformly distributed, that is, f is constant, then the energy E,(A) is
proportional to the opposite the average temperature in the conductor. Then

Ey(A1) < Ep(A2)

means that, if we supply the two systems with the same amount of heating, the average temperature
in the configuration A; will be larger than the one in A. Hence, the energy F), is a good choice
at least in the case where f is constant.

For a general function f, the energy FE, is the opposite of a weighted average temperature,
where the weight is the source f itself, which is still a reasonable choice of energy to minimise
and is indeed the one we will focus on.
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Other suitable choices could be, for instance, the opposite of the average temperature or
the LP distance from a desired temperature. However, our variational approach in proving the
existence of an optimal configuration does not apply to such energies.

In Chapter 4 we will study the existence and the shape of an optimal configuration.

To prove the existence of an optimal configuration, we will study the penalised energy
Ep(A) = Ep(A) + CoL"(A\ Q)

with an approach similar to the one mentioned in the capacitary problem.

To describe the shape of an optimal configuration, we will work in the thin layer setting and
use the constrained formulation. In particular, we will illustrate the results by [36] (see also |27,
18]) about the optimisation of the limit energy, and then we will prove a first-order development
by I'-convergence of the energy E, with respect to the parameter e.

1.2.3 The spectral problem

With the name the spectral problem, we refer to the following

given a conductor 2 find the configuration of insulating material, 3, surrounding it,
which maintains the temperature the longest.

Let A be a set containing €2 and denote by { Ag ;(A) } the spectrum of the eigenvalue problem
(1.16) and let {w4,j} be an orthonormal basis of corresponding eigenfunctions. If vy is the
initial temperature of the system and u,4 is the steady-state temperature, as already stated, the
temperature v4 can be expressed as

va(t, ) = u(z) + Z Cje_kﬁvj(A)tuAJ(x),
j=1

where the coefficients ¢; are such as
o
vo(z) —ua(®) =Y cjua(x).
j=1

Then the square of the L2-distance between v(t, ) and the steady state temperature u.4, can
be written as

[ @attn) —ua(@) e =3 e,
=1

from which we have that
Ollva(t, ) —uall2,a

lva(t,-) —ua

2,4

< —/\@1(14).

Then Mg can be seen as a good indicator of how fast the temperature of a given configuration
converges to its steady-state, hence minimising the first eigenvalue is a suitable criterion to find
the configuration which maintains the temperature the longest.

Variationally, the following characterisation holds: Let

/|Vu|2dx+k/ yvu|2czx+ﬁ/ u? dH™ !
Q A\Q dA

/u2 dzx
A

Rg(A,u) =
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then, the first eigenvalue is

Mg i(A) = ' Rs(A. ).
5,1(4) wert o 3(A,u)

The j-th eigenvalue can be characterised as

Agj(A) = min max  Rg(A,u),
’ VEG 4 e V\ {0}

where we recall that G is the set of all subspaces of H'(A) of dimension j.

In Chapter 5, we will work in the thin layer setting to prove convergence and first-order
asymptotic estimates of the eigenvalues. Moreover, we will discuss the optimisation of the limit
j-th eigenvalue in the constrained formulation. Finally, we will present a surprising symmetry
breaking result by [18] and [38] (see also [45]) which states that when  is a ball, the configuration
of insulating material which maintains the temperature the longest is not always the radially
symmetric one.
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Chapter 2

Preliminaries

In the present chapter, we will introduce notions and state results that will be used throughout
the thesis. We recommend that for the first reading, one omit this chapter and refer to it only
when needed in the next chapters.

In Section 2.1 we define functions of bounded variation with particular attention to the concept
of apzam:mmate upper and lower limits, and state compactness theorems in the spaces SBV and
SBVz.

In Section 2.2 we state the main properties of the distance function from a set and define the
principal curvatures of its level sets.

In Section 2.3 we give useful results to compute integrals of hypersurfaces.

Finally, in Section 2.4 we recall basic properties of I'-convergence and of the asymptotic
development by I'-convergence.

2.1 Functions of bounded variation

In this section, we recall some definitions and properties of the spaces BV, SBV, and SBV:. We
refer to [8], [19], [40] for a deep study of the properties of these functions.

In the following, given an open set  C R™ and 1 < p < oo, we will denote the LP(€2) norm of

a function v € LP(Q) as [|v||p,q, in particular when Q = R"™ we will simply write ||v||, = ||v||prn-

Definition 2.1 (BV). Let u € L(R™). We say that u is a function of bounded variation in R"
and we write u € BV(R") if its distributional derivative is a Radon measure, namely

Jh

with Du a R™-valued measure in R”. We denote with |Dul the total variation of the measure
Du. The space BV(R") is a Banach space equipped with the norm

08 o — / pdDiu Vo € C(R™),
Ox; Q

ullpy@n) = llully + [Du|(R").
Definition 2.2. Let £ C R” be a measurable set. We define the set of points of density 1 for E

as
. L"(B,(x)NE)
0= fperr| i £BE@NE)
{ TER A T LB (@) )

and the set of points of density 0 for E as

O L penr| b EB@0E)
g0 = {eer| i ST 0}

Moreover, we define the essential boundary of E as

P*E=R"\ (E®uEWY),

15
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Definition 2.3 (Approximate upper and lower limits). Let u: R™ — R be a measurable function.
We define the approximate upper and lower limits of u, respectively, as

u(x) =in im su E”(Br(x)ﬁ{u>t}) =
@ =i { s R [imenp SETAEED <0
and
u(z) = su imsu LM(Br(z) 0{u <t}) =
ute) = swp{ ¢ < B | tmanp SEETTES <o

We define the jump set of u as
Ju={zeR" |u(z) <u(z)}.
We denote by K, the closure of J,,.

If u(x) = u(x) = [, we say that [ is the approximate limit of u as y tends to x, and we have
that, for any € > 0,
n B’r _ >
i £/ Be@) N (=11 2.9}
o0+ LB (x))

If u € BV(R"), the jump set J, is a (n — 1)-rectifiable set, i.e. J, C ;e M;, up to a H" -
negligible set, with M; a Cl-hypersurface in R” for every i. We can then define H"!-almost
everywhere on J, a normal v, coinciding with the normal to the hypersurfaces M;. Furthermore,
the direction of v, (x) is chosen in such a way that the approximate upper and lower limits of u
coincide with the approximate limit of v on the half-planes

=0.

Hy ={yeR" |vy(z) - (y—2) >0}

Vy

and
H, ={yeR"|vy(z) - (y—2)<0}

Vy

respectively.

Definition 2.4. Let £ C R” be a measurable set and let 2 C R™ be an open set. We define the
relative perimeter of E inside §2 as

@ € CHQ,R")
lo| <1

P(E;Q)—sup{/divcpd:v
E

If P(E;R™) < 400 we say that E is a set of finite perimeter.

Theorem 2.5 (Relative Isoperimetric Inequality). Let Q be an open, bounded, connected set with
Lipschitz boundary. Then there exists a positive constants C' = C(Q2) such that

min { £Y(Q N E), LMQ\ E) }' < CP(E;Q),
for every set E of finite perimeter.

See, for instance, [54] for the proof of this theorem.

Theorem 2.6. Let €2 be an open, bounded, connected set with Lipschitz boundary. Then there
exists a constant C = C(Q) > 0 such that

HHO*ENIN) < CHY HO"ENQ)

for every set of finite perimeter EC Q with 0 < L™(E) < L™(£2)/2.
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We refer to |29, Theorem 2.3| for the proof of the previous theorem, observing that if 2 is a
Lipschitz set, then it is an admissible set in the sense defined in [29](see [63, Remark 5.10.2]).

Theorem 2.7 (Decomposition of BV functions). Let u € BV(R™). Then we have
dDu = Vudz + [0 — ulv, dH" 1| ;,+dD u,

where Vu is the density of Du with respect to the Lebesgue measure, vy, is the normal to the jump
set Jy, and D¢y is the Cantor part of the measure Du. The measure Du is singular with respect
to the Lebesgue measure and concentrated outside of J,,.

Definition 2.8. Let v € BV(R"), let I' C R™ be a H" lrectifiable set and let v(x) be the
generalized normal to I' defined for H" '-a.e. x € I. For H" '-a.e. x € I we define the traces
'yff (v)(z) of v on T" by the following Lebesgue-type limit quotient relation

| N B
lim — /B ) @y =0
where
B (z) = {y € Bu() | v(@) - (y— ) > 0},
B (z) = {y € Bu(a) | v(#) - (y—2) <0}

Remark 2.9. Notice that, by [8, Remark 3.79], for H" l-ae. = € T, (v (v)(z), 7 (v)(z))
coincides with either (v(z),v(x)) or (v(x),v(x)), while, for H" t-a.e. € T'\ J,, we have that
v{ (v)(x) = 5 (v)(z) and they coincide with the approximate limit of v in z. In particular, if
I' = J,, we have

75, @) (@) =0(z) A7 (v)(2) = v(z)
for H" l-a.e. x € J,.

We now focus our attention on the BV functions whose Cantor parts vanish.

Definition 2.10 (SBV). Let u € BV(R™). We say that u is a special function of bounded
variation and we write v € SBV(R") if D = 0.

For SBV functions, we have the following.

Theorem 2.11 (Chain rule). Let g: R — R be a differentiable function. Then if u € SBV(R™),
we have

Furthermore, if g is increasing,

while, if g is decreasing, -
g(u) = g(u), g(u) = g().

We now state a compactness theorem in SBV that will be useful in the following.

Theorem 2.12. [Compactness in SBV] Let uy, be a sequence in SBV(R™). Let p,q > 1, and let
C > 0 such that for every k € N

|Vug|P dz + |Juglloo + H"(Ju,) < C.
R'n

Then there exists u € SBV(R") and a subsequence uy; such that
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e Compactness:

Lo (R™)

U, —— U

e Lower semicontinuity: for every open set A we have

/ |VulP dz < lim inf/ Vg, [P dx
A Jotoe S
and

/ (! +u?) dH" ! <lim inf/ (HZ_ —i—gz,) dH"
JuNA Jrtoo Juy, NA ! !

We refer to |8, Theorem 4.7, Theorem 4.8, Theorem 5.22] for the proof of this theorem.
For the study of the Poisson problem, the following class of functions will be useful.

Definition 2.13 (SBV'/?). Let u € L?(R") be a non-negative function. We say that u €
SBV%(R”) if u> € SBV(R"). In addition, we define

Ju = Jy2 u:i=V u? u =/ u?

1 2
Vui= o-V(0)x(us0)

Notice that this definition extends the validity of the Chain Rule to the functions in SBVz (R™).
We refer to [19, Lemma 3.2| for the coherence of this definition.

Theorem 2.14 (Compactness in SBVY/2). Let uy be a sequence in SBV%(R") and let C > 0 be
such that for every k € N

\Vug|? do + /

Juy

(@+@MMH+/Q@M<G

n

R”

Then there exists u € SBV%(R") and a subsequence uy, such that
e Compactness:

Lic(R™)

Up;, — U

e Lower semicontinuity: for every open set Q) we have

/|Vu|2 dﬂsgliminf/|Vuk7.|2dx
Q =t Jo ‘
and

/ (@ +u?*) H" ' < lim inf/ (Ei +yi) HL
JunQ2 j=te0 Sy, na™ !
J

We conclude this section with the following proposition, whose proof can be found in [28,
Lemma 3.1].

Proposition 2.15. Let u € BV(R") N L>*(R"). Then

1
/0 P({u>s}:R"\ J,)ds = |Dul(R"\ .J,).
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2.2 Distance function and curvatures

We refer to [43, Section 14.6] for the notions in this section. Let © C R™ be a bounded open set
with C1! boundary, let

d(x) = d(x, ) = minfe — y|
yeN

be the distance function from €2 and define
Fi={zeR"| dz) <t}\Q.

The regularity of {2 ensures that () satisfies a uniform exterior ball condition, and in particular,
there exists dy > 0 such that d € Cl’l(FdO). Moreover, for every z € I'y, there exists a unique
o(z) € 99 such that

|o0(2) — 2| = d(2),

and we will say that o(z) is the metric projection of z over 2; we will also denote by vy the
extension of the outer unit normal to 9 such that for every z € I'y, we have vy(2) = vp(o(2)).

For every x € I'y, we can write
x = o(x) + d(x)r(x),

and notice that we have o,y € C’O’l(FdO;R"), and Vd = vg. For H" lae. o € 00 we can
consider the Hessian matrix D?d(c), and, since |Vd| = 1, we have that (o) is an eigenvector
with corresponding zero eigenvalue. Let { 71,...,7,—1, 10 } be a system of normalized eigenvectors.

Definition 2.16. Let 0 € 99 and let {7 (0),...,7h—-1(0),0(0) } be an ordered system of
normalized eigenvectors for D?d(c). We define the principal curvatures ki(c), ..., kn_1(c) of O
at the point o as the eigenvalues of the matrix

D?d(0)
corresponding to the eigenvectors 71 (o), ..., Th—1(0).
Let ¢ € (0,dp) and consider
w=0QUTy) ={zeR"|dx)=t}\Q.

Our regularity assumptions allow us to consider for every = € I'y, the matrix D?d(z), which is
symmetric and represents the second fundamental form of ~4(,). Moreover, by direct computation
(see, for instance, [43, Lemma 14.17]), we have that 7;(c(x)) are eigenvectors for D?d(x) with
eigenvalues computed in the following definition.

Definition 2.17. Let x € I'y,. For every : =1,...,n — 1 we denote by
7i(x) == 7i(o(x)),
and we denote by ki(z),...,kn_1(x) the corresponding sequence of eigenvalues of D2d(z)

. o kz(a(l'))
k’z(aj) 1 4 d(x)kz(0($)) ’

Remark 2.18. By the properties of D?d(x) we can diagonalize Do () as

1

Do(x)7i(0) = Wﬁ(a).
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2.3 Calculus on hypersurfaces

We refer to [52] for the notions in this section. For every v,w € R" let the tensorial product v @ w
be the unique linear operator on R™ such that, for every z € R™,

(v@w)z=(w-2)v.

Let © C R” be a bounded open set with C' boundary and let v be the outer unit normal to
its boundary. For every o € 02 we denote by

T,00={yeR" | 1y(o) - y=0},
the tangent space to 02 at o. Let 1(0),...,Th—1(0) be an orthonormal basis for T,0f2.

Definition 2.19 (Tangential gradient). Let Q be a bounded open set of class C!, let U C R"
be an open set containing 92, and let ¢ € C%Y(U;R™). We define for H" !-a.e. o € 99 the
tangential gradient of ¢ at o as the the linear map

D% ¢(0): T,00 — R™
defined as

n—1

D ¢(0) = (Vé(o)h) ® T
h=1

=Vo(o) — (Vo(o)n) @ vp.

Notice that the definition of tangential gradient does not depend on the choice of the
orthonormal basis 7(,...,7T,_1.

Definition 2.20 (Tangential Jacobian). Let © be a bounded open set of class C!, let U C R" be
an open set containing 92, and let ¢ € C%1(U;R™). We define the tangential Jacobian of ¢ as

TP =\ Jdet ((D92g)T (D))
where the determinant has to be intended in the space T,00 ® T,0f).

Theorem 2.21 (Area formula on surfaces). Let U C R™ be an open set containing 0S), let
¢ € CONU;R™), and let g : R™ — R be a positive Borel function. We have that

/ 9(6(0)) TP dH = / o) dH™ .
oQ #(09)

Definition 2.22 (Tangential divergence). Let Q be a bounded open set of class C1, let U C R”
be an open set containing 92 and let ¢ € C%'(U;R"™). We define the tangential divergence of ¢

as
n—1

div?* ¢ =Y (Do) -7

j=1

Definition 2.23 (Mean Curvature). Let 2 be a bounded open set with C1:' boundary and let
v:oQ — St

be the outer unit normal to its boundary. Let U C R™ be an open set containing 02 and let

X € C%Y(U) be an extension of v. For H" !-a.e. o € 9 we define the mean curvature of 9 as

n—1
H(o) =div?? X =Y ki(o).
=1
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Remark 2.24. Let Q be a bounded open set of class O, let U C R™ be an open set containing
0Q, let X € CO%Y(U;R"), and let ¢(x) = = + tX (x). By direct computations, we have that

J(0) =1+ tdiv?? X (0) 4+ 2R(t, 0)
where the remainder R is a bounded function. In particular, if X is an extension of v, we have
J(0) =1+ tH (o) + t*R(t, 0).

Theorem 2.25 (Coarea formula). Let f € COY(R"), let g € LY(R™), and let U C R™ be an open

set. Then
— n—1
Jsws@ia= [ [ gmarma

2.4 TI'-convergence

In this section, we recall some basic properties of the I'-convergence and the asymptotic develop-
ment by I'-convergence. We refer, for instance, to [31] and [11] for the following notions.

Definition 2.26. Let X be a metric space and, for any € > 0, let us consider the functionals
Fey Fo: X = RU{ 400 }. We will say that F. T'-converges, with respect to the strong topology in
X, as e — 07 to Fy if for every € X the following conditions hold:

e for every sequence { z. } C X converging to z,

lim inf F.(x.) > Fo(x);

e—0t

e there exists a sequence { z. } C X converging to x such that

lim sup Fe(z:) < Fo(z).

e—0t

In particular, from the definition, if F. I'-converges to Fy, for every z € X there exists a
recovery sequence { z. } C X, converging to z, such that

lim F.(z:) = Fo(x).

e—0t

We have the following

Proposition 2.27. Let X be a metric space and, for any € > 0, let us consider the functionals
Fey Fo: X = RU{ +o0} such that Fe I'-converges, with respect to the strong topology in X as
e — 0% to Fo. Let {x:} be a sequence in X such that

Fe(ze) = m)}n Fe.
If there exists T € X such that x. converges to T, then

Fo(z) = rr}}n Fo = lim min F..

e—0t X
Let
mo = i§f Fo,
and, for every x € X, let
5F.(a) = T2 = mo

e
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Definition 2.28. If there exists a functional F(': X — R U { +o0} such that §F. T-converges,
with respect to the strong topology in X, as e — 07 to F(I we say that FU) is the first-order
asymptotic development by I'-convergence for the functional F.

Let
U0:{$EX|f0($):m0}.

The interest in the previous definition is justified by the following

Remark 2.29. Let { z. } be a sequence in X such that

Fe(ze) = m)}n Fe,

and assume that there exists T € X such that z. converges to x; then, by Proposition 2.27, we
have that T € Uy and

Jf(l) (f) _ H}%nf(l) — lim fs(ﬁs) - mO'

e—0t £

In particular, we have

Fo(z) = mo + e FI(z) + ofe).



Chapter 3

The Capacitary Problem

In this chapter, we will study the optimisation problem of finding the best configuration of
insulating material surrounding a conductor kept at a fixed, homogeneous temperature. In
particular, let 2 C R™ be a smooth, bounded open set, representing the conductor, and let A
be a set containing 2, such that the set ¥ = A\ Q represents the configuration of insulating
material. If the conductor is kept at fixed temperature w4 = 1, the steady-state temperature of
the configuration is given by

ug =1 in Q,
Aug =0 in A\ Q, (3.1)
Oyugs + Bug =0 on 0A,

where v is the outer unit normal to the boundary of A, and 3 is a positive parameter. Then the
best configuration is the one that minimises the energy

Ee(A) —k/]VuA]2da:+,8/ uy dH" + CoL" (AN Q). (3.2)
A 0A

This problem has been introduced in the context of SBV functions in [28], where the authors
proved the existence of a solution and the regularity of its jump set. An analogous problem has
also been studied in [22].

This chapter is structured as follows.

In Section 3.1 we prove existence and regularity results for the minimiser of a non-linear
version of the problem. In Section 3.2 we study the asymptotic behaviour of the problem in the
thin layer setting, and characterise the solution to the limiting problem. In Section 3.3 we discuss
other optimisation problems related to the minimisation of (3.2).

3.1 Bulk insulating layer: existence and regularity

The content of this section is based on the results of [1], which are a generalisation of the
arguments of 28] to a non-linear setting.

Let p,q > 1 be two exponents, in analogy with the boundary value problem (3.2), consider
the non-linear boundary value problem

ug =1 in Q,
Apug =0 in A\ Q, (3.3)

[VualP~20,u4 + qBlual??ua =0 on JA,

23
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where Aju = div(|Vu|p_2Vu) is the p-Laplace operator. We aim to minimise the associated
energy

£.(A,0) —k/]Vv|pdac+ﬁ/ Y 1 CoL™ (AN D),
A 0A

where A is open set with Lipschitz boundary containing 2 and v € W1P(A) with v = 1 almost
everywhere in ). We remark that for a fixed A, the function u4 solution to the non-linear
boundary value problem (3.3), is the minimiser of £:(A,-). As the minimisation of the energy
as a function of the couple (A,v) can be quite challenging, the idea of [28] is to identify the set
A with the set {v > 0} and to extend the function v to be equal to zero outside of A. Such an
extension of the function v is in SBV(R") and the energy can be written as

Eo(v) = k:/Ran\pdx + ﬂ/J (07 +T9) dH"™ ' + CoLm({v > 01\ Q), (3.4)

where Vv is the absolutely continuous part of the distributional gradient of v, J,, is the jump set
of v, and v and v are the approximate upper and lower limits respectively.

Then the minimisation problem is

inf { Ec(v)

v € SBV(R"),
v(z)=1inQ |
Notice that if v € SBV(R"™) with v = 1 almost everywhere in €, letting vg = max {0, min{v,1}}
we have that v is still admissible and &:(vg) < &:(v) so it suffices to consider the problem
v € SBV(R"),
inf ¢ &E.(v) | v(z) € [0,1] L -a.e., . (3.5)
v(z) =11in Q
For simplicity’s sake, we will assume k =1 = Cj.
In the following theorems, we summarise the main results of this section.

Theorem 3.1. Let Q0 C R™ be a bounded open set, and let p,q > 1 be exponents satisfying one of
the following conditions:

n—1

o 1 <p<mn, and1<q<uzzp*;
n—p

e n<p<oo, and 1l < q < oco.

Then there exists a solution u to problem (3.5) and there exists a constant 69 = do(2, B,p,q) >0
such that
u > dg (3.6)

L"-almost everywhere in {u > 0}, and there exists p(dg) > 0 such that
suppu C Bps,)-

Theorem 3.2. Let 2 C R™ be a bounded open set, and let p,q > 1 be exponents satisfying
the assumptions of Theorem 3.1. Then there exist positive constants C(2, B,p,q), ¢(2, 5,p,q),
C1(Q, B,p,q) such that if u is a minimiser to problem (3.5), then

cr" L < WY J, N By(z)) < CrL,
and
LBy (z)N{u>0})>Cyr",

for every x € K,, with B,(x) C R™\ Q, where we recall that K,, is the closure of J,,.
In particular, this implies the essential closedness of the jump set J, outside of 2, namely

H (K \ Ju) \ Q) = 0.
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In subsection 3.1.1, we prove that the a priori estimate (3.6) holds for inward minimisers (see
Definition 3.4), such an estimate will be crucial in the proof of Theorem 3.1 in subsection 3.1.2.
Finally, in subsection 3.1.3 we prove Theorem 3.2.

Remark 3.3. Notice that the condition on the exponents is undoubtedly verified when p > ¢ > 1.
Furthermore, if €2 is a set with Lipschitz boundary, the exponent p, is the optimal exponent such
that

WIP(Q) cc LY(0Q) Vg < [1,p.).

3.1.1 Lower Bound

In the following, we assume that €2 C R" is a bounded open set and that p and ¢ are two positive

real numbers such that ,

1
]%>1fﬁ (3.7)

where p’ and ¢’ are the Holder conjugates of p and ¢ respectively.

The following definition, introduced in [28], will be crucial in proving the existence of a
solution.

Definition 3.4. Let v € SBV(R") be a function such that v =1 a.e. in 2. We say that v is an
inward minimiser if

gc(v) < gC(UXA)a
for every set of finite perimeter A containing §2, where y 4 is the characteristic function of set A.

Let A C R™ be a set of finite perimeter such that  C A, and let v € SBV(R™). We will make
use of the following expression

Eolvxa) = / Vol do + 8 (0! + 79 dH" + 3 vl dH"!
A JoNA® 9* A\ Jy (3.8)

+8 Vou () dH" ™+ L (({v >0} N A)\ Q),
Jp,NO* A

Let B be a ball containing €2, then xp € SBV(R") and xp = 1 in 2, we will denote E.(xp) by E..

Theorem 3.5. There exists a positive constant § = 6(X2, 5,p,q) such that if u is an inward
minimiser with E.(u) < 2&., then
u>4

L"-almost everywhere in {u >0 }.

Proof. Let 0 <t < 1 and

t
olt) = / w V| dz = / SLP({u > 5 )R\ ) ds.
{u<t P\ Ju 0

For every such ¢, we have

R
7

1
» P _
g(t) < (/{ o ula= D dx) </{ i |VulP da:) < Ec(u) < 2€.. (3.9)

Let uy = ux{y>¢}- Using (3.8) we have
0 <& (ut) —Ec(u)

:B/ al dH" T — / |VulP de — 3 ul dH™
O {u>t P\Ju {u<t \Ju JuNo*{u>t}

-5/ (W + u?) Mt — L({0 < u < t}),
Jun{u>t}(©
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and rearranging the terms,

/ |VulP dz + 3 ul dH" ' 43 (@? + u?) dH" '+
{u<t \Ju Juno*{u>t} Jun{u>t}© (3.10)

+LM{0<u<t}) <BtIPHu>t};R"\ J,) = Bty (t).
On the other hand,

/ ul™\Vu| dx
{ust}\Ju

1
7

P
/ A / |VulP de
{ust} {ust \Ju
1

o'y . q’% %
<(ro<u<ty / w” dy / VP dz |
fust) {ust I\

where we used

g(?)

3=

IN

]. = d = —
n-1 INUESE

and v > 1 by (3.7). By classical BV embedding in L' applied to the function (uX{u<ey)? and
the estimate (3.10), we have

g(t) < C(n, B) (tg’(t))l_zrn1 </R d\D(UX{uSt})qD

1
P
(/ |Vul? d:):) +
{ust ]\ Ju

+/ (@? 4 u?) dH™ 1 +/ ul dH" ¢
Jun{u>t}© Juno*{u>t}

FHP({u >t} R\ ) < (24 aB)tg (¢).

Qe

We can compute

p/

/Rn d|D(uxy<iy)?] < q<ﬁ"({0 <u < ﬂ’))

We therefore get
1+-L
g(t) < C(n, B,q)(tg'(t)) .
Let 0 < tg < 1 such that g(t9) > 0, then for every ty < ¢t < 1, we have g(t) > 0 and

gt Cnbq
glyme= —

integrating from tg to 1, we have
q—1

_gq=1 _g=1 1
g(]_)Q(TH*l)*l _ g(to)q(nal)fl > C(n,@ q) log o~
0

so that, using (3.9),
~ g—1

-1
g(lto)“"q“)‘1 < (2&:) D=1 + C(n, B, q)log to.

~ q—1
(ch)q(nnl»l)fl
§ = exp| =) )
p( C(n.B.q)

for every ty < § we would have g(ty) < 0, which is a contradiction. Therefore g(t) = 0 for every
t < 9, from which u > ¢ L£"-almost everywhere on {u > 0 }. O

Let
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Remark 3.6. From Theorem 3.5, if  is an inward minimiser with £.(u) < 2&., we have that
' {u>0}CJ, C Ky

Indeed, on 0*{u > 0} we have that, by definition, u = 0 and that, since u > § L"-almost
everywhere in {u >0}, uw > 9.

Proposition 3.7. There exists a positive constant &g = do(£2, B,p,q) < § such that if u is an
inward minimiser with E.(u) < 2&., then u is supported on B s,), where p(d) = 5(1)7(1 and
B, (50) s the ball centred at the origin with radius p(09). Moreover there exist positive constants
C(92,8,p,q9),C1(2, B,p,q) such that, for any B,(z) C R™\ Q we have

H" (], N By(z)) < C(Qp,q)r™ 1, (3.11)

and if x € K, then
LBy (z)yN{u>0})>Ci(Q,p,q)r". (3.12)

Proof. By Theorem 3.5, if v is an inward minimiser, we have
/ (@? 4+ u?) dH" 1 > 691" (J, N B.(x)),
JuNByr(z)
on the other hand, using uxgn\p, (») as a competitor for u, we have

/ (@? +u?)dH" ' < / (@ + u?) dH" ™ < C(n)r" 1.
JuNBy(z) 9B, (z)N{ u>0}1)

Let now = € K, and consider pu(r) = L" (Br(x) N{u> O}(l)>. Using the isoperimetric
inequality and inequality (3.11), we have that for almost every r € (0,d(z,2))

0 < pu(r) < K(n) P(Br(2) 0 {u> O}m)#

n

< K (2. 8,p.q) P(By(); {u>0}V)"".
Notice that we used Remark 3.6 in the last inequality. We have
pu(r) < Kpl(r)a.
Integrating the differential inequality, we obtain
LB (x) N {u>0}) > Ci(, B,p, q)r".
Finally, let 6o > 0 and = € K, such that d(z, ) > p(dy) = 557‘1. By (3.12)
C1(2, 8,9, 9)p(%0)" < L"({u >0} N Q) <28,

which leads to a contradiction if dy is too small, hence there exists a positive value dy(€2, 3, p, q)
such that {u >0} C B, O

3.1.2 Existence

In this section, we are going to prove the existence of a solution u to the problem (3.5). Let us

denote
u(x) =11in Q

H,={ ueSBV(R") |u(x) € {0}UJa,1] L -ae.
suppu C B%
ad—
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We also denote by Hy the set

u(z) =1in Q
u(z) € [0,1] L ae. |

Notice that if u € Hy is an inward minimiser, by Theorem 3.5 and Proposition 3.7, then u € Hs,.

Proposition 3.8. Let u € Hy. Then u is a minimiser for the functional (3.4) on Hy if and only
if u e Hs, and
Ec(u) < Ec(v) Vv € Hs,.

Proof. As we observed before, if u is a minimiser over Hy then u is in Hs,, hence it is a minimiser
over Hs,. Conversely, let us take v € Hs, a minimiser over Hy,, and let us consider in addition
v € Hy. Without loss of generality assume E.(v) < 2E.. We will prove that there exists a sequence
wy, of inward minimisers such that

C
ka1

Ec(wy) < Ec(v) +
We first construct a family of functions v, € H, such that
Ec(vg) < Ec(v) + r(a),

with lim,07(a) = 0. Let 0 < a < 1, and let vy = vX{y>q 1B, > Where p(a) = a'=%, we have

E(va) —E(v) < B vl dH" !

/8*({ v>a }NB,e))\Jv

< Ba'P{v>al})+ 8 vl dH" !
({ 1)) B (3.13)

1
Sﬁaq<P({UZa})+q/ vd?—[”_1>.
a7 J (0B (0yn{ v=a })\Ju

In order to estimate the right-hand side, fix ¢ € (0, 1), and observe that by the coarea formula
¢
| Pz apda< Dol (3.14)
0

while with a change of variables,

t 1 —+o00
/ / vdH" ! da < (q—l)/ / vdH" Hdr = (g = D]l L1 @ny-
0 a9 J(@B,mn{v=a )\, 0 OB\ J,

K 1
/ (P({v >al)+ q/ vd'H"_1> da < q||v||Bv-
0 a (6Bp(a)ﬁ{ v>a })\Jv

By mean value theorem, for every k € N we can find a; < 1/k such that

1
P({vz%}wq/ st < Aoley.
A J(9Bp(ay){ v=>ar P\ ak
and in (3.13) we get
[vl[Bv

Ec(vay) < Ec(v) + gBal ||y < E.(v) + ¢B TR
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We now construct the aforementioned sequence of inward minimisers: let us consider the functional

Fi(A) = Ec(va,xa),

with A containing 2 and contained in {v,, > 0}. If we consider A; a minimising sequence for
Fi, then they are certainly equibounded. Moreover,

FulAy) = LA\ Q) + B (xca,00 + XA, 70, 1)

JXAjUak

> L"(A) + BafH" ™ (Ta,va,) — £7(9)-

Notice in addition that since v,, > aj on its support, then the jump set J, A Vay clearly contains
;Vay,

0*Aj. We now have that y 4; satisfies the conditions of Theorem 2.12, and eventually extracting

a subsequence we can suppose that

A B 4w,

with a suitable A®) and moreover, letting wy = X 4%) Va,, We have

. HUHBV
< F) < < + .
Eelwy) < QEAQI{nvfak>0} b(A) < Eelvay) < Eelv) + 5 ka—1

By construction wy, is an inward minimiser, therefore we have wy € Hj,, and consequently, we
can compare it with u, obtaining

Sc(u) < Sc(wk) < gc(v) + QBH:JPIV

Letting k go to infinity, we get the thesis. O
Proposition 3.9. There exists a minimiser for problem (3.5).

Proof. By Proposition 3.8 and Theorem 3.5, it is enough to find a minimiser in Hs,. Let uy be a
minimising sequence in Hy,, then, for £ large enough, we have

BOFH™ Y (J,) + Rn|Vuk|p de < E(uy) < 2E..

From Theorem 2.12 we have that there exists u € Hs, such that, up to a subsequence, u;, converges

: 1
to w in L; . and

Ec(u) < limkinf Ec(ug),
therefore u is a solution.

Proof of Theorem 3.1. The result is obtained by joining Proposition 3.9 and Theorem 3.5. [

3.1.3 Density estimates

In this section, we prove the density estimates in Theorem 3.2 by adapting techniques used in 28],
analogous to classical ones used in [44] to prove density estimates for the jump set of almost-quasi
minimisers of the Mumford-Shah functional.

Definition 3.10. Let u € SBV(R™) be a function such that uw = 1 a.e. in . We say that u is a
local minimiser for £, on a set of finite perimeter £ C R™ \ Q, if

Ee(u) < Ec(v),

for every v € SBV(R") such that u — v has support in E.
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Let E be a set of finite perimeter. We introduce the notation

E.(u; E) = / VuPde+8 [ @ +ut)dH " + LM({u> 0} O E).
E JuNE

To prove Theorem 3.2, we will use the following Poincaré-Wirtinger type inequality, whose proof
can be found in [44, Theorem 3.1 and Remark 3.3]. Let v, be the isoperimetric constant relative
to the balls of R", i.e.

min { LY(EN B, LVEN\ B+ } < 1. P(E; B,),
for every Borel set F, then

Proposition 3.11. Let p > 1 and let uw € SBV(B,) such that

L£"(By)
R

(2, H" N (J, N B,)) T < (3.15)

Then there exist numbers —oo < 7~ < m < 77 < +oo such that the function
@ = max{min{u, 7"}, 77},

satisfies
[& —ml|[» < C|[Vul|zr

and

Lr{u#a}) < CH" (J,NB)) ",
where the constants depend only on n, p, and r.

Lemma 3.12. Let u € Hy be a local minimiser on B, (z) in the sense of Definition 3.10. For
sufficiently small values of T, there exist values o, eg depending only on n,T,3,p,q and s such
that, if r < ro,

H" 1 (J, N Br(x)) < eor™ Y,

and )
Ec(u; By(x)) > r" 2,

then )
Ec(u; Brr(x)) < 7" 2 (u; By ().

Proof. Without loss of generality, assume z = 0. Assume by contradiction that the conclusion
fails, then for every 7 > 0 there exists a sequence u, € Hy of local minimisers on B,,, with
limg, v = 0, such that

H" " (Ju, 0 Br,)

= = €k,
with limy, e = 0,
Eulup; Bry) > 12, (3.16)
and yet
Eolwp; Brry) > T2 Eo(ur; By,). (3.17)

For every t € [0, 1], we define the sequence of monotone functions

gC(ukv BtT‘k)

ak(t) B gC(ukaTk)

<1
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By compactness of BV(]0,1]) in L!([0, 1]), we can assume that, up to a subsequence, o, converges
L!-almost everywhere to a monotone function a. Moreover, notice that, by (3.17), for every k

n—

N[

ag(t) > 7 (3.18)

Our final aim is to prove that there exists a p-harmonic function v € W1P(By) such that for
every t

lim ai(t) = at) = / |VoulP dz.
k—+oo B,

Let (o)
“n UR(TET
By, = v} "Eu(ur; By,), op(z) = =1
Ek
Then v, € SBV(B;), and
/ Vo [P de <1, H" Iy, N By) = .
B

Thus, applying the Poincaré-Wirtinger type inequality in Proposition 3.11 to functions v, we
obtain truncated functions ¥y and values my, such that

|0 — mgPde < C
By

and

£({vop # 0 }) < C(H (o, N B)) ™ T < Cel T (3.19)

We prove that there exists v € W1P(B;) such that

- LP(B1)
Vp —mp — 0,

|VolPdz < a(p), for Ll-ae. p <1, (3.20)
By
and
p—1
li}gn %—”Hn_l({ v # U } NO0B,) =0, for L'-a.e. p < 1. (3.21)
k
Notice that
|V (0, — mg)|P do < |VogP de < 1,
B1 B

since ¥y, is a truncation of v. From compactness theorems in SBV (see for instance [44, Theorem
3.5]), we have that o, — my converges in LP(B;) and L™-almost everywhere to a function
v € WHP(By), since H"1(J5,) goes to 0 as k — +oo. Moreover, for every p < 1,

/ |VolP dz < lim inf/ |Vog P de,
B, ko JB,

and
/ |Vo|P do < liminf/ |VOR|P de < liminf ag(p) = a(p),
B, k B, k

since by definition

Tpfn Tpfn
/ Vgl da = kE/ Vil de < "€, Byr,) < k(o).
B, k 2

PTY,
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Finally, up to a subsequence,
p—1

T i
hlingikﬁ ({vk # 0 }) =0.

Indeed, by (3.19),

p—1 p—1
T Z
E,

D pn(fop A }) < Ot
Ex

which tends to zero as long as ri_l/Ek is bounded. On the other hand, if ri_l/Ek diverges, we
could use the fact that e < s79E, (ug; Brk)r;f" and get

n

p—1 p—1 n—1
Tk n - Tk Ej,
<
E, LMo #0,}) < C o <T2_1>

which goes to zero. Using Fubini’s theorem, we have (3.21).
Let ay(z) = E;/pf)k(%), and for every ¢ € [0,1] we define
EC(ﬂka Btrk)

ai(t) = £, B

The &y, functions are also monotone and bounded: the jump set of 4y, is contained in .J,, , therefore
we can write

n—1

using the fact that u; € H,. As done for oy, we can assume that &; converges £'-almost
everywhere to a function &.

Let I C [0,1] be the set of values p for which (3.21) holds, ay and & converge and « and &
are continuous. Notice that £1(I) = 1. Fix p,p’ € I with p < p’ < 1 and let

(O = [ (€ ) ane,
Jgﬁ(Bp/\Bp)

with ¢ € SBV(By). Let w € WYP(B;) and consider 1 a smooth cut-off function supported on
B, and identically equal to 1 in B,. Let

pr = ((w+mp)n + k(1 —n))XB, + veXB\B,, -

We want to prove that

anlp) — dilp) / VinlP de + T (), (3.22)
B,\B,
and
an(s)) < Ry + /B Veoul? dz + Tu(en), (3.23)

o

where Ry, goes to zero as k goes to infinity. We immediately compute

ax(p') — an(p) =Ee(ug; By, )" [/ |Viig|P dz + (" + ) dH"
By, NBpr, Ja (B, \Bpry,)

o'r

+ gc(“k? Brk)il'cn({ up > 0} N (Bp’Tk \B/N‘k))

> / VP dz + EXP 071 (05" + 0?) daH™ L,
Bp/\Bp J{;kﬂ(Bp/\Bp)
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and then we have (3.22). Now let ¢y = E;/pgok(x/rk) and observe that 1, coincides with uy
outside B,,,. We get from the local minimality of uy that

gc(uk; Brk) < gc(wk; Brk) = gc(l/]k; Bp’rk) + 8 (%q _{_%(I) d/Hnil
{uk;éﬂk }ﬂaBp/Tk

+gc(uk;BTk \Bp’rk ) (324)
< Ec(; Byry) + 2877 M H T ({og # T } N OBy)
+ Ec(ur; Bry, \ By )-

So, in particular, we have

gc(uk; Bp’rk) :gc(uk; Brk) - gc(uk§ B'rk \ Bp’rfcfck> - 6/ (qu + %q) dHn_l
JukﬂaBplrk

< QBTzillHn_l({ UV 7& Vg } N 8Bp’) + gc("?zjk; Bp’?“k)'
Dividing by &.(ux; Br,) and using (3.21) we get
ap(p) < Ry + r*}‘;_"Ek_lé’c(q/;k; By, )-

With appropriate rescaling, we have

L Ee (Vi Byy) :/B Veor|? da + Ti(or) + By 'L ({ x> 0} N By).

P

From (3.16) and the definition of Ej, we have

mEL"({pr > 0}NB,y) < wnriﬂ,

and then we get (3.23).
We want to prove that for every ¢ € WHP(By) such that v — ¢ is supported on B,, we have

a(p) < /Bp|v<p|pdl’+C[d(p/) _d(p)] +C/B,)/\BP|V¢|pd$’ (3.25)

where C' does not depend on either p or p’. From the definition of ¢, we have that on B,
Vi = Vw
and on By \ B,
Vor =nVw + (w+ my — 0)Vn + Vog(l —n),
so that

J

|Vr|P dx S/ |Vw|P dx
o By

(3.26)
+C

/ ]V@k]pda:+/ (IVwlP + |w + my, — 0[P [V |P) da | .
Bp/\Bp p/\ »

We split the proof into two cases: either

limsup Ey, > 0 (3.27)
k
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or
lim B, = 0. (3.28)

Assume (3.27) occurs. Notice that s < ug <1 for every k, then by definition we have that, for

every k, s < E;/pfjk < 1 and, since my, is a median of v, 0 < E;/pmk < 1. In particular, we have

that
2

1/p’
E?

passing to the limit when k goes to infinity we have that

U, — my| <

v < hm inf —— < +oo L"-a.e.
V[0

2
B/

then v belongs to L>°(B;) and there exists a positive constant C' independent of k, and a natural
number k such that

C

ﬁk L™-a.e.

C
|v—|—mk—vk|< 1/

for all k > k. Let p € WIP(B;) with v — ¢ supported on B,, and let w = ¢ in the definition of
¢y, then, for every k > k, we have

k| = 0 + (v + mu — O)n| < Cog (3:29)
L™-a.e. on By \ B,. From (3.29) we have that

Ti(pr) < CLy (). (3.30)
Notice, in addition, that (3.26) reads as
[ Waras < [ velas
B B,

o

(3.31)

+c/ VP dz + C VolP dz + Ry
/\B Bp’\BP

finally joining (3.23), (3.31), (3.30), and (3.22), we have
awl) < [ Vel do+ Clar(s) - anto)] +C [ Vel Ry
B, B,

Letting k£ go to infinity, we get (3.25).

Suppose now that (3.28) occurs. The functions |0y — mg|P, |v|P are uniformly integrable,
namely for every € > 0 there exists a 0 = 0. < € such that if A is a measurable set with |A| < o,
then

/ |Og — mg|P do + / [P dx < e. (3.32)
A A
Since v € LP(By), we can find M > 1/e such that

H{v]| > M} <o (3.33)
Setting w = ¢y = max{ —M,min{ ¢, M } }, then (3.26) reads as

/ Vi |P dz S/ |Vgo|pd:v+0/ |Vol|P dz
o Bon{|p|<M} B, \Bp){|epl<M}

/\ rwkrpdw/ lont + i — S|Vl d |
/Bp

p/\Bp

(3.34)
+C
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We can estimate the last integral as follows

o

p' \Pp

’(,DM—ka—'IN}k‘p’Vn’pde C€+/ "I}—ka—’f)k‘plvn’pdm‘].
(B \Bp)N{|v|<M} (3.35)

= Ce + Ry,
where we used (3.33) and (3.32), and C only depends on p and p’. Furthermore, we have
Ti(pr) < Ry + CZy(0g). (3.36)
Indeed, as before, |0y — my| < Cy, while
Byt / a9 MY < MBI 1Y (1 0 (B \ By))
Js. N

Ok (Bp’\BP)

—1
4Pt
< MIB] i
k

which goes to 0 as k — oo. Finally, joining (3.23), (3.34), (3.35), (3.36), and (3.22), we have

ap(p') < Ry, +/

[Vol? + Cla(p") — alp)] + C/ |Vl dx + Ce.
By ol <M} (B \By)N{ ol <M }

Taking the limit as k tends to infinity, and then the limit as e tends to 0, we get (3.25).

We are now in a position to prove that v is p-harmonic: taking the limit as p’ tends to p in (3.25),
we have that if p € WP (By), with v — ¢ supported on B,,

/ Vo dz < a(p) < / Vel? da,
B, B,

for every p € I, therefore v is p-harmonic in By. Notice that this implies that v is a locally
Lipschitz function (see [8, Theorem 7.12]) . Moreover, if ¢ = v, we have

[ 190l do = a(p)

P

for every p € I, so that « is continuous on the whole interval [0,1], a(1) = 1 and «(7) =
limy, o (1) > 7712 Nevertheless, if 7 is sufficiently small this contradicts the fact that v is
locally Lipschitz, since

< / Vol de < CT",
B,
where C' is a positive constant depending only on n and p. O

Proof of Theorem 3.2. Let u be a minimiser for the problem (3.5). By Proposition 3.7 there exist
two positive constants C(, 5,p, q), C1(%, 8, p, ¢) such that if B,(x) C R™\ Q, then

H 1 (J, N Bu(x)) < C(Q, B,p,q)r™ ",

and if z € K,
LYBr(z)N{u>0})>C1 (B, p,q)r".

We now prove that there exists a positive constant ¢ = ¢(£2, 5, p, ¢) such that

HL(J, N Be(z) > ¢(Q, B, p, q)r" ! (3.37)
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for every z € K,, and B,(z) C R™\ Q. Assume by contradiction that there exists x € .J,, such
that, for » > 0 small enough,
H" 1 (J, N B(x)) < eor™ Y,

where ¢ is the one in Lemma 3.12. Iterating Lemma 3.12 it can be proven (see [28, Theorem
5.1]) that
lim 77"E.(u; B,) = 0,

r—0+t
which, in particular, implies
lim 17" / \VulP de +H" (J, N B.(z))| = 0. (3.38)
r—0+ B.(z)

By [44, Theorem 3.6], (3.38) implies that « ¢ .J,,, which is a contradiction. Finally, if € K,, and
H"_l(Ju N By, (z)) < gor™ 1,

there exists y € J, N By(z) such that
H (T, N B, (y)) < gor™ !

which, again, is a contradiction. Then the assertion is proved. The density estimate (3.37) implies
in particular that
~o } |

hence H" 1 (K, \ Ju) \ Q) = 0 (see for instance [44, Lemma 2.6]). O

r—0t

Ku\Qc{xe]R”

lim sup 717" [/B ( )\Vu|p dz +H" 1 (J, N B, (x))

Remark 3.13. Let u be a minimiser for problem (3.5), then from Theorem 3.5 we have that the
function u* = ($69)~/Pu is an almost-quasi minimiser for the Mumford-Shah functional

MS(v) = / Vol de + HV(T,)
R"L

with the Dirichlet condition u* = (867)~1/? on Q. If Q is sufficiently smooth, we can apply the
results in [22] to have that the density estimate for the jump set of minimisers holds up to the
boundary of 2.

Remark 3.14. Let u be a minimiser to (3.5) and let A= {w >0} \ Ky, then the boundary of
A is equal to K,,: in first place, assume by contradiction that there exists an x € (0A) \ Ky, then
u is p-harmonic in a small ball centered in x with radius r. Therefore, being

{u>0}nNB.(z) #0,

it is necessary that u > 0 in the entire ball, and then = ¢ 0A, which is a contradiction. In other
words,

0A C K,

By the same argument we also have that A is open, and moreover J, C dA, then
K, COA.
In particular, the pair (A, w) is a minimiser for the functional

E(E,v) :/|Vv|pdx+/ (07 + 7)) dH" " + CoL™(E\ Q)
E OF

over all pairs (E,v) with E open set of finite perimeter containing Q and v € SBV(R") N W12(E)
with v =1in Q.
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3.2 Thin insulating layer: asymptotic analysis

The content of this section is based on the results of [5]. We now address the problem of
qualitatively and quantitatively describing the shape of the optimal configuration of insulating
material in the thin layer setting, that is, in the limit in which the thickness and the thermal
diffusivity of the insulating material both tend to zero.

More precisely, let  C R™ be a smooth, bounded, open set, and let h: 92 — R be a positive
smooth function. Denoting by 1 the exterior unit normal to the boundary of €, for every € > 0
sufficiently small, we define

Ye={o+tw(o)|oced 0<t<ech(o)}

and we denote by . = QU X.. Moreover, we will assume k = .

We then consider the minimisation of the energy
Eee(v,h) = 6/ |Vo|? dz + ﬁ/ v?dH L, (3.39)
Ye o[98

where v € H(€Q.), with v = 1 in . As we will see in the following chapters, similar problems
have been studied before in [16], [42], [6], and more recently in [18] and [36]. The limit can be
performed in several ways. In our case, we are going to use I'-convergence. But to extract as
much information as possible about the problem, we are going to perform a first-order expansion
in €.

Instead of penalising the volume of insulator we displace, we will work under a volume
constraint assumption. Namely, for a given m > 0, the problem of finding the best configuration
of insulating material surrounding €2, in the thin layer setting, can be stated as

ve HY(Q),
min ¢ &..(v,h) |v=1in Q, . (3.40)
LX) <em

since

Lr(%,) Na/ hdH" 1,
[2)9]

in the limit, we enforce the volume constraint by restricting our attention to the functions in the
space
hdH" ' <m
Hon = Him(09Q) =< he L10Q) | Joo . (3.41)
h>0

In subsection 3.2.1 we compute the I-limit, in the strong L?(R™) topology of the functional
Ece(+, h) and observe that the minimum in the class H,, is achieved by the constant h = m/P(12),
where P(Q2) denotes the perimeter of .

Displacing the insulator uniformly around the boundary is somehow the trivial solution, the
one suggested by common sense, and very common when insulating buildings. However, it is
mathematically not satisfactory at all. We expect that portions of the boundary with higher
(mean) curvature are less convenient to insulate with respect to those with lower curvature. Such
an idea is strongly suggested by the radial cases (see, for example, [37, Proposition 5.1]).

To recover such behaviour, in subsection 3.2.2, we compute the first-order asymptotic devel-
opment by I'-convergence (see Definition 2.28) for the functional £... Namely, let £.(h) be the
minimum of the I'-limit, let

Ko={veL’R") | v=1inQ},
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and denote by H the mean curvature of Q (see Definition 2.23). We prove the following

Theorem 3.15. Let Q C R” be a bounded, open set with C° boundary, and fiz a C? function
h: 0Q — (0,400). Then the functional

gc,s('a h) - 5C,O(h)
IS

0&ce(,h) =
[-converges, in the strong L2(R™) topology, as e — 0T, to

Hh(2+Bh) .1 .
L dH Ko,
&M (v, h) = o0 2(1+ Bh)? Joe ko (3.42)
+o0 if v e L2(R") \ Ko.

Finally, in subsection 3.2.3 study with the minimum problem
inf { £.0(h) + =€ (k) ‘ heHm ),

where 80(1)(11) = C(l)(xg,h). From the properties of I'-convergence, the above problem is a
first-order approximation, in € > 0, of the problem (3.40). Indeed we have that (see Remark 2.29)

Eerc(uc, h) = Eco(h) + £V (h) + R(Q, b, €),
where u, is the minimiser to (3.39), and

Q,h
hm R( ) 76)

e—0t 15

=0.

In particular, we will prove that, as the intuition suggests, if € is small enough, then the optimal
configuration for the insulating layer concentrates close to the points of 02 where the mean
curvature is relatively small.

3.2.1 The limit problem

Let © C R™ be a bounded, open set with C! boundary, and fix a positive Lipschitz function
h: 02 — R. In the notations of Section 2.2 let

D= {zcR"| dz) <t}\Q,

v =0(QUTY) ={z € R | d(x) =t} .

Our assumptions on d€2 ensure that there exists dp > 0 such that for every x € I'y,, we can
uniquely write
x =o(x) 4+ d(z)vy(o(z)),

where o(x) is the metric projection of z on § and d(z) is its distance from 2. Moreover, on Iy,
extending vy as vo(x) = vp(o(x)) we have that vy is orthogonal to the level set of the distance.
In the following we will assume h to be extended to I'y, as h(x) = h(o(z)) and € > 0 such that
el|h]lse < do, so that . C I'g,.

Remark 3.16. Using the coarea formula (Theorem 2.25) with the distance function d, we have
that for every g € L*(€)

/59(“5) dI:/OJroo /%9(5) xs.(€) dH"L(€) dt.



3.2. THIN INSULATING LAYER: ASYMPTOTIC ANALYSIS 39

Let
¢r:x € Lgy — o+ tg(x) € Tiq,,

then v = ¢+(02), and by the area formula on surfaces (Theorem 2.21)

+oo
/ o(z) dz = /O /6 90+ B 7+ 80) T (o) A o) i

n—1

= / /Eh(a) g(o +try) H(l + tki(o)) dt dH" (o).
N J0o '

=1

Similarly,
n—1
/ g(&) dH" (&) = / g(o +ehwy) H(1 + eh(0)ki(0))\/1 + e2|[Vh]2dH" (o).
9% o0 i=1
so that we have
eh(o)
/ g(x)dx = / / g(o +tvg) (1 + tH (o) + Ry (o, t,e)) dt dH™ ! (3.43)
Se a0 Jo
and
/ g(o) dHn! = / 90+ chvo) (1 + ch(0)H (o) + Ro(0,2)) dH"Y,  (3.44)
00 o0N

where the remainder terms R; and Ry are bounded functions. In other words, there exists
Q = Q(Q, h) > 0 such that |Ry|, |Rz2| < Q.

In particular, notice that there exists a positive constant C' = C(2, ||h]|o,1) such that for every
O<exl1

1 eh(o)
— [ gdx < / / glo+tv)dtdH" < C | gdu, (3.45)
CJs. a0 Jo =
and )
— gdx < / glo +chvg)dH" 1 < C gdx. (3.46)
C Joq. o9 20,
Let
K.={veH' ()| v=1inQ}, (3.47)
and
Ko={ve*R") | v=1inQ}, (3.48)

and consider the functional

5/ \vvy2d:c+5/ v dH Tl ifv e K.,
e Qe

“+o0 if v € L2(R") \ K-..

Ece(v,h) =

denoting by
1

60,0(U7 h’) 09 h

dH™ ! if v e Ko,

following the approach of [36], we have the following

Proposition 3.17. Let Q C R” be a bounded, open set with CY! boundary, and fir a Lipchitz
function h: 9Q — (0,+00). Then E.(, h) T-converges, as e — 07, in the strong L>(R™) topology,
to Eco(-, h).
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Proof. We start by proving the I'-liminf inequality: Let v € L?(R™) and let v. € L?(R") such
that v, converges to v in L?(R") as e — 0. Up to passing to a sub-sequence, we can assume that

liminf & . (ve, h) = lim & (ve, h),

e—0t e—0t+

moreover, we can assume that such a limit is finite and that v. € K.. Therefore we have that
v € Ko and, by (3.43), (3.44) we have that

eh(o)
g |Vve|? da > /39/0 |Vve (o + tg)|*(1 — Qo) dt dH™ (3.49)

and

/ v2dH " > / v2(0 +eh(o))(1 — Qo) dH™ ! (3.50)
0Qe o0

for some constant Qg > 0. On the other hand, we have that, for H" !-almost every o € 9%,

eh(o) 2 1 eh(o) p 2
>
/0 Vis(o+ to) 2t > /0 Voo(o + two)| di

(ve(o + ehvgy) — 1)?
eh(o) ’

then by Young’s inequality, we have that, for every A > 0 and for H"!-almost every o € 950,

ch(o) —MNv(o )2
/0 Voo(o + twg) 2t > L= df(g)* eho)” | 5hta) (1 _ i) (3.51)

Putting together (3.49), (3.50) and (3.51) we finally have

gc,s(vsa h) > /

o0

1—A 1 1
— L 4B )v(o+ehg)? +—(1—<) ) dH" ! —eQoR.(,v.),
h h A
where, if € is sufficiently small, using again (3.43) and (3.44), we have
R.(e,v:) < 2&:(ve, h).

Finally, letting A = A(0) = 1 + 8h(0), and passing to the limit as € — 0" we have that

. 1 n—1 __
harg[l)rjf Ece(ve,h) > o 11 5h dH" =E.o(v, h)
and the I'-liminf inequality is proved.

I-limsup inequality: Let v € L?(R"), if v ¢ K the I-limsup inequality is trivial, therefore let
v € Kjy. Let

1 ifx e,

_ Bd(x) ,
ve(x) = T @) if v e X,
U(.I‘) if z ¢ QE,

where we recall that, if x = o + trg(o), then h(x) = h(o). Trivially v. converges to v in L?(R")
and v, € K.. For every x € %,

pVd(x) Bd(x)Vh(z)
3

VU5($) - 75(1 + Bh(l‘)) 6(1 + Bh(l‘))
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Recalling that 0 < d < eh, Vd = vg and Vh -1y = 0, we have
8 BRVRP B p TP
e2(14+Bh)?2  2(1+Bh)* — 2(1+B8h)?2 (14 Bh)*’

|V | =

where the second term is bounded since h is Lipschitz. Hence, substituting ehr = ¢ in (3.43), we
get

2
e | |Vu|*dx < £

1
—d |z
5 c /2 (L gy 4o T eCl

1 52h _
g/m/o gL+ Qo) dr i OIS

B%h e
B /39 @+ gy o)

On the other hand, for every o € 012,

1

ve(0 + eh(o)vp(o)) = Th(a)’

from which we get

p

- B 1 -1
B v2 dH™ 13/ — (14 eQy)dH" ! = ——— dH" ! + o(e).
0. oo (1+ Bh)? ) aa (1+ Bh)? (
Hence we have
. h < n—l
Eoclva) €8 [ o dHr 1 (o),
so that .
lim sup &+ (ve, h) < dH™ 1
ot elveh) < 5 oo 1+ Bh
and the I'-limsup inequality is proved. O
In the following, for simplicity, we will denote by
1
Eco(h) = dH™ 1.
o(h) =8 o 15 5N

The minimum in the class of functions A with a given mass, of such a functional is achieved when
h is constant. Indeed, we have the following proposition.

Proposition 3.18. Let Q be a bounded open set with Lipschitz boundary, let P(2) = P, and let
m > 0. Then the problem
min{ E.o(h) | h € Hm } (3.52)

admits
hy =

I3

as the unique solution.

Proof. Let h € H,,. By Holder’s inequality, we have that

] 1/2 1/2
P _/ dH" 1 < </ dH"—1> (/ 1+ 6h d”H”_1>
o0 oo 1+ ph aQ< )

1 1/2 s
< (/(r)QHMd”H"‘l) (P + pm)*/2,




42 CHAPTER 3. THE CAPACITARY PROBLEM

so that )
Eeo(h) > Pﬁ-Pﬁm = &c0(ho)-
Finally, the uniqueness of the solution is given by the strict convexity of the function
T — 1
1+ px
for x > 0. ]

3.2.2 first-order development

Let Q be a bounded, open set with C? boundary, and fix a positive C? function h: 9Q — R. In

this section, We prove a first-order asymptotic development by I'-convergence (see Definition 2.28)

for the energy &..(+, h), namely, we study the I'-convergence of the family of functionals
Ecelsh) —Eco(h)

8Eec(v) = - : (3.53)

and we prove Theorem 3.15. In the following we consider the functions h, H: 02 — R extended
on the set X as h(o + tvy) = h(o) and H(o + tvy) = H(o).

For every € > 0 let u. € K. be the minimiser to &.., where K. is defined in (3.47). By the
assumptions on  and h, we have that u. is a C?(X.) function and it is a solution to

—Au, =0 in X,
ue =1 on 01}, (3.54)
€0y us + Pus =0 on 08,

where 1, is the outer unit normal to the boundary of ..
Let a € (0, ), where
Bh(o)
= 1 — _—
@0 e 1+ Bh(o)’
and, for every z € ¥, let

C(d@)\'"" h() -
ol () T @20
d)\'""° Bh(a) |

1_<eh<az>> Tt a)(i 1 phiwy) " <0

We have that w, o > 0 and the following proposition.
Proposition 3.19. For every a € (0, aq) there exists €, > 0 such that if 0 < € < &4, then
H(z)u:(z) > H(x)we,q(x) for x € 2.
Proof. Fix a € (0, ). For simplicity, we denote by
1o () )
v eh(x)) (1 + Bh(x))’
and we aim to show that there exists an £, > 0 such that for any 0 < € < €, we have that v_,
is a subsolution to (3.54), while v14, is a supersolution to the same problem. Namely,

—Avi_4 <0 in X, —Av14q >0 in 3.,
Vieg =1 on 09, Vita =1 on 09, (3.55)
Ovi—q

€ By + Bvia <0 on 08, €0y Vi4+a + PV14a > 0 on 0f)..
£
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In the following, we will always assume that € < 1. Let us recall that

digg}, 90, = {z €R" | d(z) — ch(z) = 0}.

By standard computations, we get

d vd dVh d 1 d\?
— _ _ — _ 2
T(1) =S ()] hyre (2 e

Then, recalling that Vd = vy and that Vh - 1y = 0, the normal v, to the set ). is given by

Qa:{xER"

1
V14 €2|Vh|?

By direct computations, for any v € (0,2) \ {1} we have

o= sz () |51 G) ol -5 (5) Al o9

We then compute
d\"1 _ (d\"'(v dVh Bh 1 BVh

1G)1=G) G-%) Slifml -arme 0

from which we get

a\’ Bh 1 (d\” BIVA?

V[(h) ]'VLWh] ‘_7<h> h(1+ Bh)> (359

In addition, we have
d\” A\ (d
[(8)]-0-0() 7 ()

(Y (Ll (Y A=V dAd (AR (4N 2VAP
~ M\ e h 12 nh n) h n) "Rz

(I/() — €Vh)

Ve =

2+ d\"! g_dAthWhy?
"\ h o K2 B

(3.59)
so that, by (3.56), (3.59), and (3.58), we get
92—
<ZE§§) 7EVAUV(:I:) = h(x)ﬁ((llgﬁfy}z(x)) + Ry(z,¢e,7), (3.60)
where Rj(x,e,7) is a suitable remainder term. Since d < €h,
0< iifh < s;sph < +o0,
and |Vh|, Ah, Ad are bounded, then there exist C,,e9 > 0 such that
[R1(z,2,7)] < Cye (3.61)

for any ¢ < g9. Thus, using (3.61) in (3.60) we have that there exists ¢, > 0 such that if
0 < e < &g, then
—Avl_a < 0, _AUH—a > 0. (362)
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On the other hand, for every z € 0§}, since d(x) = e¢h(z) and (3.57) hold true, we get

Vo, (2) = ((2) — £Vh(a)) - o)

(1 + Bh(x)) (1 + Bh(x))?’

which yields

BV/IT2VEE 8 Vh
al’av'y(x) = -

e(1+ Bh) ~5 0+ Bn)2

(3.63)
o By/1+ e2|Vh|? N Be|Vh|?
e(1+ Bh) ~(1 + Bh)2\/1 + 2[Vh[?’
while Bh(z)
x
() =1— ———F——. 3.64
D= S0 @) 200
Hence, we get by (3.63) and (3.64)
€0y Uy + Py = —(1 — )ﬂjLR (0,e,v) on 09
ve Uy v = '7,7(1_1_6}0 2\0,&,7% =)
where, as before, up to choosing a smaller g,
|Ra(0,e,7)| < Cie.
Again, for small enough ¢, on 0€), we get
€0y V1—q + Pri_a <0, €0y V14a + PV14a > 0. (3.65)

Finally, joining (3.62) and (3.65), by standard comparison results for elliptic operators, the
proposition is proved. O

Remark 3.20. The previous proposition implies that for every o € 92 and ¢ € (0, h(o)

ug(o +etryy) — 1 — Héiz(o)’
Indeed, for every ~
B t \7 Bh(o)
ot =1- (5 ) % ey

hence, for every a € (0, ) and € < g,, we have v1_, (0 + etvy) < ue (o + etvy) < vi4a(o + etyy).
passing to the limit for € to zero we have that for every a small,

(L o Bh(o) im u.(o + ety - LT Bh()
(mw) (= a)(1 1 ph(o)) = iy velo etvo) <1 (mw) 0T )1+ BR(@))"

Then passing to the limit for « to zero, we have the claim.
We can now prove Theorem 3.15.

Proof of Theorem 3.15. We start by proving the I'-liminf inequality: Without loss of generality,
we can prove the inequality for the sequence of minimisers u.. Here we recall the definitions of
Ece and &, omitting the dependence on h.

Eee(ue) :5/ |Vug|2dac+ﬁ/ udH™ 1, (3.66)
e 00
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1
Ecp = dH" L. 3.67
=3[ o (3.67)
By (3.43) and (3.44) we have
eh(o)
/ V| dz > / / \Vue(o +tro)|* (1 + tH(0) — £2Q) dtdH™ ! (3.68)
. e Jo
and
p uZH > p uZ(o +eh(o)vo(0)) (1 +eh(o)H (o) — 2Q) dH™ ! (3.69)
€ Jog. € Joaq

for some constant Q > 0. For ¢ sufficiently small, for every o € 992, and 0 < t < eh(o), we have
that 1 +tH (o) > 0, so that, using Holder’s inequality and integrating by parts,

eh(o) ch(o) 2
/ (Ve (o + twvo)|*(1 + tH(0)) dt > 51h</ |Vug(0+tl/g)|\/1+tHdt>
0 0

1 ch(o) g 2
> — / —(ue(o +trg))V1+tH dt
eh \ Jo dt

! (u( + chug)V1 + ehH <1+/€h Huc(o 4 tvo) dt>>2
— o — _— .
eh\'* : o 2VItiH

Up to choosing a smaller €, we can apply Young’s inequality, having that for every A > 0

v

1 — M) (1 +ehH)uc(o + ehvp)?

eh(o) ) (
/0 |Vue(o + trg)|*(1 + tH (o)) dt >

eh
(3.70)
4L (1 - 1) 1+ /ah(a) Huclo ) )
eh A 0 2m '
We then have, joining (3.66), (3.68), (3.70), (3.69), and (3.67),
c,e\Ue) 7 Cc 1 —
0Ece(us) = Eeelue) = Eeo 2/ ——((1 = A)(1 + ehH) + Bh(1 + ehH))uZ(o + ehvy) dH"
’ £ oo €h(o)
+/ L (1 - 1) (1 y [ Huelo + tn) dt>2 _ P gy
oa €h A o 2V1+tH 1+ gh
- QSR(gqu)
(3.71)

where, if € is small enough,

eh(o)
R(e,u:) = 8/ / |Vue(o + tv) 2 dH" L + 5 ue (0 + eh(o)g(0))? dH™ 1
o0 J0 onN

< Qgc,e(ua)'
Letting A = A(0) = 1 + Bh(c) in (3.71), and using the inequality (1 + x)% > 1 + 2z,

BhH /6 ue (0 + thiy)
0

0&ce(ue) > dtdH" ' + O(e).
<le) /395(1+Bh) VIt hH )
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Moreover, for every t € (0,¢) we have that (14 thH)™ /2 =1+ O(e), so that

hH  [f )
. — n- . 72
Gecu) 28 [ (1+5h)][0 we(o + thuy) dt dH™ + O(e) (3.72)
Finally, let a € (0,1) and let
1—a if H(o) >0
v=7(0) =

1+a if H(o) <O0.

Let us recall that
Bh(o)

We,o(0 + th(o)r(o)) =1 — t7577(1 A

By Proposition 3.19 we have that for every 0 < & < g,

H £
h ) 7[ o0+ thio) dtdH™ + O(e)

5cz—:(us) B Qm )

_ _ Bh BhH . |
B /89 <1 (1+ Bh)y(y + 1)) 1+ Bh dH"™" + O(e),

Bh BRH . n1
imgato%ec(u) > [ (1 ot )

Letting o go to 0, we have that v tends to 1, and

so that

hH (2 + Bh)
> atite+ ph)
lirgénf55w(u5) B o0 2(1+ Bh)?

and the I'-Liminf is proved.

dm"

We now prove the I'-limsup inequality:

Let
1 if x € Q,
_ Bd(x) :
pe(x) = 41 01 Bh@) if z € 3.,
0 if z € R™\ Q,

where we recall that if x = o + ty(o), then h(z) = h(o).
We have that ¢. € H'(Q) and ¢, converges in L*(R"), to the characteristic function of 2.
Computing the gradient of ¢., for any = € 3,

B2
e2(1+ Bh)?

where we used again the boundedness of h, and the fact that d < eh. Hence, substituting ehr =t
n (3.43), and noticing that d(o + eTh(o)vy(o)) = eht, we get

1
/ Vee| da </ e 5 dx 4 eC|%.|

/89/ T Bh (1 +erhH + Q) dr dH" ! +eC|%.| (3.73)

]Vgog\Q < + C,

B%h(2 + ehH)

— n—1 2
"o 2 P HOE)
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On the other hand, for every o € 012,

1
pe(0 +eh(o)ro(0)) = 1+ Bh(o)’
from which we get
2 —1 6 2 —1
dH" §/ ———— (1 +chH +e°Q)dH" . 3.74
g e Q) (3.74)
Finally, joining, (3.73), and (3.74) we have
gca(umh) _gCO(h) / BQhQH ﬁhH -1
6&c yh) = —= . < dH”
Ece(per h) . o\ 2t an - (L Bh? H L 4+ O(e)
hH (2 + Bh) 1
= ———— L dH" (@]
o B0 g 0
so that WH(2 4 5h)
. + _1
1 o0& < ————dH"
o €60 <5 | 0% i
and the I'-limsup inequality is proved. O

3.2.3 Study of the first-order development

Let © be a bounded, open set with C''! boundary. Consider the first-order approximated energy

1 h(2 + Bh) n—-1
5 +6H2(1+5h)2> an"

gc,s (Qa h) = B (
0N

In the following, we drop the dependence on the set 2 and we write G..(h) in place of G. (€, h).
For every m > 0, we will consider the problem

inf{ Gec(h) | h € Hp }, (3.75)
where the set H,, is defined in (3.41).

Remark 3.21. Despite in Theorem 3.15 we require h > 0, it is still meaningful to study the
approximating functional G..(h), relaxing the constraint to h > 0. Indeed, even though the
positivity of the function A is crucial in the proof of the Theorem 3.15, it is still possible to prove
the following: let Q be a bounded, open set with C% boundary, fix a non-negative C? function
h: 02 — [0, 400), and fix an exponent 6 € (1,2); then, carefully retracing all the steps of the
proof of Theorem 3.15, we can still prove that the functional &..(-, h + 59) I'-converges, in the

strong L?(R"™) topology, as ¢ — 07, to 50(1)(-, h), the same functional defined in (3.42).

Assume that a non-zero continuous solution u € L'(9€) to problem (3.75) exists, so that
the set U = { x> 0} is open. Then for every ¢ € C°(U) with zero mean, and for every n € R
sufficiently small, we can consider the variation u-+n which leads to the Euler-Lagrange equation

B e Bu(2+ B
/89< (1+6u)2+1+5u = (1+Bp)?

The previous equation yields

>¢ dH™ ' = 0.

eH

(1+Bu)3—(1+5u)+7=0,

™o
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for some constant ¢ € R.
Let € > 0, in the following we will assume that

cH 2
sup — < —. 3.76
o0 B T3 (3.76)
Let
HO =inf H
o0
and a0
€
ko =1- 70
For every k € (0, ko), let
H
rk:{aem EB(")<1—/<:}

and consider
eH(o)

p
Notice that, by the choice of kg, the set 'y is always non-empty.

Pe(y,0) =ky® —y+

Proposition 3.22. Let (3.76) hold true. Then, for every k € (0, ko), and o € Ty, in the interval
(1,+00) there exists a unique yi(o) such that

Pk(yk(0>7 U) = 07 (377)
and there exists z; > 1 such that
{1 1}< (0) < (3.78)
max<{ ——, <yilo) < z, .
\/?E Yk k
and
lim z, = 1. (3.79)
k—kq

Moreover, for every k1 < ko and o € I'y, we have that

Ykz (0) < Yk, (0). (3.80)

Proof. For any fixed o € T'y we have that Py(1,0) < 0, and in addition, for k¥ > 1/3, the
polynomial Py(y, o) is strictly increasing in y > 1, while for k£ < 1/3 we have that

0
—Pi(y,0) <0 ifye [1,

1
dy J?E)
9

. 1
@Pk(y,a) >0 ifye <\/ﬂ,+oo>.

Therefore, in the interval (1,400) there exists a unique zero yx (o) of the polynomial P(-, o), and

1
yk(U) > \/ﬁ

Notice in addition that for every y > 1, we have that y < yi(o) if and only if Px(y,o) < 0. Hence,
if we choose zj to be the unique real number in (1, +00) such that
EHO .
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then

and we have that (3.78) holds.

We now prove (3.79). We first observe that zj is decreasing in k: let k; < ko, so that

€H0

B

EH()
/3 9y

€H0

B

3 3 3
k‘lsz — 2k, + < k:gzk2 — 2k, + =0= klzkl — 2g, +

which ensures

Zko < 2k,

indeed the polynomial k1y® —y+eHy/f is negative on (1, z;,) and it is non-negative on [z, , +o0).
We now have that there exists

z= lim z,
k—kq

and, passing to the limit in (3.81) and recalling that by definition Sko = eHy, we get that z solves
the equation

ko(23 —1) —z+1=0.

From (3.76), we have that kg > 1/3, so that z = 1 is the unique solution in [1,+4o00) to the
previous equation, proving (3.79).

Finally, in order to prove (3.80), let k1 < ko and o € T'y, NT'g, = T'k,, then (3.77) ensures that

Pkl(yk270) < PkQ(ykzaU) - 07

from which
Yky (0) < Yiy (0)-

Let k € (0, kp), and let y; be as in Proposition 3.22, we define

1

—(yk(a) — 1) if o €T'y.
CERE

0 ifO'EaQ\Fk,

Notice that, by (3.80), ug is decreasing in k.
We have the following

Proposition 3.23. Let (3.76) hold true. Then, for every m > 0 ,there exists a unique k = ky, €

(0, ko) such that
/ pp dH™ ™ =m.
o

Proof. We first prove that the function

M(k) = / g dH"
o0

is continuous. Fix k € (0, ko) and let § > 0, then

BOM(K) Mk +5) = [

(Yr — Yrps) dH" 1 + / (ye — 1) dH™ L. (3.82)
Tits { 17k76§%<17k}
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By definition, we have that for every o € 92

lim XThys (U) = XTI, (U)

0—07t
Let o € T'g, then the function yx,s(o) is defined for small enough 6 < d,, and by the implicit
function theorem and the regularity of Px(y, o), we get
li = .
Jm (o) = yi(o)
Therefore, by (3.78), the monotonicity of z;, and the dominated convergence theorem we have
lim (Y — Yrys) dH" 1 = 0. (3.83)
§—0t Thts

On the other hand, for every o € 02,

51—1>I(I)1+ X{ 1-k—6<=H <1k }(U) =0,

which entails

lim / (y
§—0+ {1_k—5§%<1—k}
Joining (3.82), (3.83), and (3.84), we get

lim M (k) — M(k +6) = 0.

6—0t

p— 1) dH" 1 = 0. (3.84)

We now fix k € (0, k), d > 0, and we compute

BM(k —06) — M(k)) = / (yr—s — yx) dH" Ypes — 1) dH" L. (3.85)

+ (
I {1—k§%<1—k+5}
As in the previous case, by the implicit function theorem, for every o € I'g,
lim yr_s(o) = o).
Jim y—s(0) = (o)
By the dominated convergence theorem,

li s —uyp)dH™ I =0. 3.86
5—1>%1+ Fk(yk 5 — Yk) ( )

On the other hand, we have that for every o € 92
S Xaok<el <1ks }(0) XLy, }(‘7)’

and, for every o such that eH (o) = 5(1 — k), we may use the monotonicity of yx_s and then we
pass to the limit in (3.77), having that

lim y_ =1,
d—0+ Yk 6(0)

which entails

lim / Yp—s — 1) dH" L = 0. 3.87
6—0F { 1-k <L <1—k+6 }( ) (3:87)

Joining (3.85), (3.86), and (3.87), we get
lim M(k—0)— M(k) =0,

6—0+

thus concluding the proof of the continuity of M.
Finally, by monotonicity, and by (3.78), and (3.76), we have that

lim M(k) =400, lim M(k)=0.

k—0+ k—ky

and the proposition is proved. O
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Theorem 3.24. Let (3.76) hold true. Then, for every m > 0, the function py,, is the unique
minimiser to problem (3.75).

Proof. Let h: 0 = R with h > 0 and

/ hdH"™ ' <m.
o0

ht = px + t(h — k)

For every t € [0, 1] consider

and
g(t) - gc,s(ht)-

We claim that g(t) is increasing in ¢. By explicit computation, we have that

eH — B(1+ Bhy)
o0 (14 Bhy)3

From (3.76) we have that, for every o € 912 the function

eH — B(1+ Bx)
(14 fx)?

g(t)=25 (h — ) dH™ .

is increasing on [0, +00), so that

eH — B(1+ Bux)

oo (1+ Bug)? (h = ju) dF™"

g'(t)>p

Notice that for every o € 9f2

eH — B(1+ Bux)
(14 Bpx)?

Indeed, if o € T'g, then by (3.77),
eH (o) — B(1+ Bux(0)) = —Bk(1 + Bux(0))’

and equality holds. On the other hand, if o € 90\ T'y, then pi(o) =0 and eH (o) > 5(1 — k), so
that

(h— ) > —Bk(h — ).

eH(o) — B(1 + Bur(o))
(1+ Buk(a))?

(h(0) - (o)) = (H(o) - B)h(0)
> —Bkh(o)
— —Bk(h(0) - 1x(0)).

Then we have

J(t) > Bk / (e — h) dH" > 0,
o0

and the claim is proven. In particular, we have that

Geelpr) = g(0) < g(1) = Gee(h)

that is, iy is a minimiser for problem (3.75). Finally, by (3.76), we have that, for every o € 01,

the function
x(2 4 Bx)

T2 T O30 B2

is strictly convex, thus problem (3.75) admits a unique minimiser. O

z € [0,400) —
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Remark 3.25. Notice that the optimal configuration py,, concentrates where the mean curvature
is smaller: for simplicity, let us write k = k,,, and let us take o1, 09 € I'g, such that

H(oy) < H(o29).

Noticing that
Py(yr(o1),01) =0 = Pi(yx(02), 02),

we get

kyr(01)® = yr(or) > kyr(o2)® — ye(02).
By (3.78), we can use the monotonicity of the function y ~ ky3 —y on [1/v/3k, +00), getting
Yk(o1) > yr(o2),
so that puy(o1) > pi(o2).

Remark 3.26. Notice that, if ) is a ball, we have that the mean curvature is constant, so that
I’y = 09, and py, is a constant function. Hence, if (3.76) holds, problem (3.75) admits as unique
solution the constant function

Remark 3.27. Notice that, if for every o € 02

eH(o)
g

> 2, (3.88)

then, the optimal configuration is given by p = 0. Indeed if (3.88) holds, for every o € 92 the
function

1 N eH (o) fz(2+ Bx)
1+ px B 2(1+ Bx)?

z € [0, +00) —

reaches its minimum for z = 0.

3.3 Related problems in shape optimization

In the previous sections, we studied the energy £, when the set A varies and the set € is fixed.
However, it is natural to ask what happens when the set €2 is allowed to vary. Namely, we pose
the question of which is the best (or worst) shape for the conductor 2. To investigate such a
question, we will explicitly write the dependence on the set 2 as £.(€2; A). For every compact set
Q) C R™ and open set A with Lipschitz boundary such that 2 C A denote by

v=11n )

e HY(A),
Capﬁ(Q;A):inf{/]Vv|2dx+5/ Waurt| Y (4) }
A 0A

the relative Robin capacity of  with respect to A, so that
Ec(4; A) = Capg(; A) + Co L™ (A Q).

We will be interested in minimisation (or maximisation) of Capz when {2 and A vary in appropriate
classes of sets.
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Minimisation under volume constraints

The most intuitive problem to study is probably the minimisation problem under volume constraint.
That is, let w, be the volume of the unit ball in R™ and let R > 1, consider the problem

inf { Caps(; A) | L*(Q) = wn, QC A, L(A) SwpR" }. (3.89)

If we consider the analogous problem in the case of the relative Dirichlet capacity

Cap(Q;A):inf{/\Vv\Qd:r veH&(A)leinQ},
A

by the Polya-Szegd inequality for the Schwarz rearrangement (see, for instance, [58, 49]), we
immediately have that

inf { Cap(Q2; A) | L*(Q) =wyp, Q C A, L"(A) < w,R" } = Cap(By, Br),
where By, Br are two concentric balls of radii 1 and R. Then, it is natural to expect a similar
result also for problem (3.89). In [25] (see also [2]), the authors prove the following theorem.

Theorem 3.28. The solution to problem (3.89) is given by two concentric balls (By, By). Moreover
we have that

o iff>n—1, thenr=R;

o ifn—2< B <n—1, then there exists a unique Rg > ”Tgl, such that
— if Rg < R, thenr = R,
—if Rg = R, thenr =1 and r = R are both solutions,
—if Rg > R, thenr = 1;

e if0< B <n—2, thenr=1.

It is worth noticing that, at least when 8 > n — 2, the proof of Theorem 3.28 follows the
strategy of the original proof of the Bossel-Daners inequality.

Let ©: [0,1] — R be a lower semicontinous, non decreasing function such that ©(0) = 0,

and let
ve HY(A),

Capg(2; A) = inf / \Vo|? da +/ O()dH" | velo,1]
A 0A .
v=1in

In [25], the authors also prove the following theorem.

Theorem 3.29. The problem

i C QA CoLl"(A\ Q
oM ape(Q; A) + CoL™(A\ Q),

admits two concentric balls as a solution.

Recall the definition of the first-order approximated energy

. [CESTR g
gc,s(QJL)_B 80 <1+5h+6 92(1+Bh)2> o ’

where Hg is the mean curvature of the boundary of €2, and let

Geel®) = ,inf Goe(. D).

Theorem 3.28 naturally leads to the following question
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Open problem 1. Prove or disprove that the problem

’Q| = Wn,
heHn

admits the couple (By,h*) as a solution, where h* is a constant function.

inf { G-(Q, h)

Maximisation under various geometric constraints

Let 6 > 0 and let
Z5(2) = Capg (€2 + 6By),

where B; C R” is the unit ball, and
Q+0B={z+dy:x€Q,ye B},

denotes the Minkowski sum of Q and dB;. In [37] (see also [12]), the authors study the
maximisation of Zs under different geometric constraints depending on the dimension n. In
particular, when n = 2, they prove the following

Theorem 3.30. Let Q C R? be an open, bounded, connected set with piecewise C* boundary.
Then
Z5(€) < Zs(2)

where Q* is the disk having the same perimeter as Q.

To generalise the previous theorem to higher dimensions, we define the quermassintegral. We
refer to [60, 26| for the following

Definition 3.31 (Quermassintegrals). Let Q2 C R™ be a non-empty, bounded, convex set. We
define the quermassintegrals as the unique coefficients W;(€2) such that

LY+ tB) =Y (”) W, (Q)t
—o \J
7=0
In particular Wy (2) is the measure of Q2 and W,,(2) = wy,, the measure of the unit ball.

The following theorem can be seen as a generalisation of the isoperimetric inequality for
convex sets.

Theorem 3.32 (Alexandrov-Fenchel Inequality). Let 0 <i < j <n—1, and let Q CR" be a
non-empty, bounded, convex set, then

() ()

Moreover, the inequality holds as equality if and only if Q is a ball.

Remark 3.33. Let Q be a bounded, open, convex set with C? boundary and non-zero Gaussian
curvature, then the quermassintegrals are related to the principal curvatures of the boundary of
Q). Indeed we have that for every j =1,....,n

1
W, = / Hj_i(o)dH™ !
nJoq
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Here H; denotes the j-th normalised elementary symmetric function of the principal curvatures
of 0, that is Hy =1 and, for every j=1,...n—1,

Hj(o) = (” 1)1 S k() ok (0),

J 1<iy <--<ij<n—1

where k1(0),...,kn—1(0) are the principal curvatures at a point o € 9. In particular, we have
that )
Wi(Q) = EP(Q)
and )
Wa(Q) = —— [ HodH" '
n(n—1) Jaq

In [37] (see also [12]), the authors prove the following theorem.

Theorem 3.34. Let 2 C R"™ be an open, bounded, convex set. Then
Z5(2) < Z5(2)
where 2 is the ball having the same Wy_1 quermassintegral as §2.

Similar results also apply to the approximated energy G... Indeed, in [5|, we prove the
following propositions.

Proposition 3.35. Let Q C R? be a bounded, open, simply connected set with C? boundary such
that -
P(Q) > 3r—.
() 3

Then
Gee(Q) < Ge e (), (3.90)

where Q* is the disk having the same perimeter as Q.

Proposition 3.36. Letn > 3,2 < k<n-—1, and let Q C R™ be a bounded, open, conver set
with C? boundary and non zero Gaussian curvature such that

n—=k
Wi(©) > wn (:”(“2‘5”) (3.91)

Then
Ge () < Ge e (27)

where Q0 1s the ball having the same Wy quermassintegral as €.
We only prove Proposition 3.36 as the proof of Proposition 3.35 is analogous.

Proof. From the Alexandrov-Fenchel inequalities, as Wy (€2) = Wj(£2*), we have that for every

0<1<k
(1) s (), (i

that is

In particular, we have that
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and

HodH" ! < Hox dH™ .
o0 oN*

(). (s (r) e
wn, W NWy, Q=

condition 3.91 read as

Moreover, since

by Remark 3.26, we get
On the other hand,
Gee(Q2) < Gee(Q,m/P(Q))

_ 5 < P(Q)? em(2P(Q) + fm)
T\ P@)+8m - 2(P(Q) + Bm)? Jaq

Hoq dH”_1>

P(Q*)? em(2P(Q*) 4+ fm)
=7 <P(Q*) T Bm 2P+ Bm)P oo

Ho- d?—[”_1> = G- (V%).

Minimisation under perimeter constraint.

In [37], the authors pose the question of finding the infimum of Zs among convex sets of given
perimeter. In [5], we prove the following theorem, which may suggest that the infimum of Zs is
asymptotically achieved by a sequence of thinning sets collapsing to a flat (n — 1)-dimensional
disk.
For every P > 0 let
Q open and bounded with C''* boundary
Kp=¢ QCR"|Hqg>0 )
PQ)=P
we consider the problem
inf Q).
ek p Gee ()
Definition 3.37 (Cookie Shape). For any r, R > 0 we define the cookie shape

Crr= { (l’l,ﬂjn) ‘ _f'r,R(:L'/) < xp < f?",R(x,) } )

where
r |2'| <R,

VP — (2| - R R<l|a/|<R+r.

fr,R(fC,) = {

We have the following theorem.

Theorem 3.38. For every P,m > 0 we have

and the infimum is asymptotically achieved by a sequence of thin cookie shapes.
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Proof. The inequality

. BP?
>
inf Gee) 2 530

is a straightforward consequence of Proposition 3.18 and the fact that Hg > 0. To prove the
reverse inequality, let 7, > 0 be a decreasing sequence such that

Q

lilgn r = 0.

Then we can find an increasing sequence Ry such that the thinning sequence of cookie shapes

C”'kyRk S ]Cp and
1
P n—1
li = .
llgn Rk <2wn1>

m

hk(()’) = an—lRZ_l
0 if He,, 5 (o) > 0.

For every k let
if Ho

T B

(o) =0,

Then
gC,E(C’I"k,Rk) < gc,E(CTk,Rk) hk)a

and by direct computation, one can prove that

pP?

hl?l gc,e(Crk,Rk7 hk) = m7

which concludes the proof. O
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Chapter 4

The Poisson Problem

In this chapter, we will study the optimisation problem of finding the best configuration of
insulating material surrounding a heated conductor. In particular, let 2 C R™ be a smooth,
bounded open set, representing the conductor, let f € L?() be a positive function representing
the heat source, and let A be a set containing 2, such that the set ¥ = A\ Q represents the
configuration of insulating material. The steady-state temperature of the configuration is given
by
(—Aug = f in 0,
Aug =0 in A\ Q,

(4.1)
vy = kdy,ul on 0N

kOyus + Bug =0  on JA,

where 1y and v are the outer unit normal to the boundary of 2 and A respectively, d,,u~ and
dyout are the normal derivative on 99 from inside © and from inside A\ Q respectively, and 3 is
a positive parameter. Then the best configuration is the one that minimises the energy

Ep(A)—/|VuA|2dx+k/ \vuAPd:ch/a/ uid%n1—2/ fuadz+CoL™(A\ Q). (4.2)
Q A\Q A Q

This chapter is structured as follows. In Section 4.1 we prove existence and regularity results
for the minimiser of the problem. In Section 4.2 we study the limit problem in the thin layer
setting, and characterise its solution. In Section 4.3 we prove a first-order development of the
energy in the thin layer setting.

4.1 Bulk insulating layer: existence and regularity

The content of this section is based on the results of [4]. For simplicity’s sake, we will assume
k=1.

Our aim is to minimise the energy
Ep(A,v) = / |Vo|? dx + B/ v dH ! — 2/ fvdx + CoL"(A\ Q),
A 0A Q

where A is open set with Lipschitz boundary containing Q and v € H'(A). As we did in
Section 3.1, for the capacitary problem, we will identify the set A with the set {v > 0} and
extenld the function v to be equal to zero outside of A. Such an extension of the function v is in
SBV2(R") N H(2) and the energy can be written as

= v|?dz 72 + 02 n=l_ vdx "o )
5p(u)_/Rn|v 2d +5/Jv( + %) dH Q/Qf dz + CoL"({v>0}\ ), (4.3)

99
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where Vv is the absolutely continuous part of the distributional gradient of v, J, is the jump set
of v, and T and v are the approximate upper and lower limits respectively.
Then the minimisation problem is

inf{ &,(v) ‘ v € SBV: (R™) N H(Q) } . (4.4)
We summarise the main results of this section in the following theorems.

Theorem 4.1. Let n > 2, let 2 C R™ be an open bounded set with C*' boundary, let f € L*(Q),
with f > 0 almost everywhere in Q. Assume in addition that, if n = 2,

I1£115.0 < Cors(B)L*(%), (4.5)

where B is a ball having the same measure as Q). Then problem (4.4) admits a solution. Moreover,
if p>n and f € LP(QY), then there exists a positive constant C = C(Q, f,p, B,Co) such that if u
is a minimiser to problem (4.4) then

[ullo < C.

Theorem 4.2. Letn > 2, let Q C R™ be an open bounded set with C*' boundary, let p > n and let
f e LP(Q), with f > 0 almost everywhere in Q). Assume in addition that, if n = 2, condition (4.5)
holds. Then there exist positive constants o = 6o(Q2, f,p,3,Co), ¢ = ¢(Q, f,p,5,Co), C =
C(Q, f,p, B,Co) such that if u is a minimiser to problem (4.4) then

u > do L"a.e. in {u>0},
and the jump set J,, satisfies the density estimates
er" V< {7, N By (x)) < Cr Y
with x € J,,, and 0 < r < d(z,0). In particular, we have

HL(T,\ Ju) = 0.

subsection 4.1.1 is devoted to the proof of Theorem 4.1, while subsection 4.1.2 is devoted to
the proof of Theorem 4.2.

Remark 4.3. We remark that, as is well known (see for instance [43, Theorem 8.15|), in the
regular case, to ensure the boundedness of solutions to equation (4.1) is enough to assume
f € LP(Q2) with p > n/2. However, our assumption p > n is coherent with the results about the
generalised solutions for elliptic Robin boundary value problems on arbitrary domains by [35]
(see also [32]).

4.1.1 Existence of minimisers

In this subsection, we prove Theorem 4.1: in Proposition 4.7 we prove the existence of a minimiser
to problem (4.4); in Proposition 4.11 we prove the L® estimate for a minimiser.

We will assume that  C R” is an open bounded set with C1! boundary, that f € L?(Q) is
a positive function and that 3, Cy are positive constants. We consider the energy functional &,
defined in (4.3).

We will need the following simple lemma, whose proof we omit.

Lemma 4.4. For every 0 < r < R, the following inequality holds

380 < (o) Aa()

where Br and B, are balls with radit R and r respectively.
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We can now prove the following lemma, which will be crucial in proving the existence.

Lemma 4.5. Let n > 2 and assume that, if n = 2, condition (4.5) holds true. Then there exist two
positive constants ¢ = c(, f, 5,Co) and C = C(Q, f, 5,Co) such that if v € SBV%(IR{") NnHY(Q),
with E,(v) <0 and @ C {v >0}, then

L' {v>0}) <ec, (4.6)
o] < C. (4.7)

Proof. Let B’ be a ball with the same measure as { v > 0 }. By the Poincaré-type inequality
(1.11)

0>&(v) > )\5(3’)/ v2dr — 2/ fvdzx
R™ Q
+ CoL"({v>0}\9Q).

By Lemma 4.4 and Hélder inequality

o

" 2
vz = 2[l fll2.ellv]l2

()
0225(5) <m<{ 0> 0 }))

oL ({v > 01\ Q)

(4.8)

where B is a ball with the same measure as 2. Obviously (4.8) implies that

£m()

171~ 28 oy ) Col™ (Lo 01\ ) 2 0.

Let M = L™"({v > 0}), and notice that, since Q@ C {v >0},
L({v> 03\ Q) = M- (),

therefore

1£130 = Cors(B)(L" ()" (M=% — M™7L7(9)).
This implies (taking into account (4.5) if n = 2) that there exists ¢ = ¢(£, f, 3, Cp) > 0 such that
L' {v>0}) <ec
Finally observe that by (4.8) it follows
[v]l2 < C(M), (4.9)

where

e (fm + \/ 151320 - Cora8) (5372 )" (a1 - m(m))

As(B)L(2)

C(M) =

2¢4 || fll2.0
= X(B)Lr(Q)
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Remark 4.6. Let v € SBV%(R”) N H'(Q), it is always possible to choose a function vy such
that vo = v in R"\ Q, Ey(vg) < Ep(v), and Q C {wvg > 0}. Indeed the function vy € H'(Q), weak
solution to the following boundary value problem

{—Avo =f inQQ, (4.10)

Vo = Voq(v) on 0Q,
satisfies

/Vvo-Vgpdx:/fcpda:
Q Q

for every ¢ € H}(Q2) and vy = 75, (v) on 99 in the sense of the trace. Then, extending vy to be
equal to v outside of €2, we have that Q@ C {vg > 0} and &,(vg) < &Ep(v).

Proposition 4.7 (Existence). Let n > 2 and, if n = 2, assume that condition (4.5) holds true.
Then there exists a solution to problem (4.4).

Proof. Let {wuy } be a minimising sequence for problem (4.4). Without loss of generality, we
may always assume that, for all £k € N, &,(ux) < £,(0) = 0, and, by Remark 4.6, Q2 C {u; > 0}.
Therefore we have

0> &(ur) > [ |Vuy[*dz + B/ (We? + wi”) dH™ ' — 2/ fvdax
Rn Juk Q

> | [Vulde+p | (@ +w’) dH" " = 2| flelul2e,
Rn uy

and by (4.7),

|Vug|? dz + 8 (Ws2 + u?) dH" ™ < C||f]l2,0 -
Rn

Ty

Then we have that there exists a positive constant still denoted by C, independent on the
sequence {uy}, such that

/ ]Vuk\2da:+/ (up + up) d?-["_1+/ up dx < C. (4.11)
R™ Ju n

k

The compactness theorem in SBV%(R") (Theorem 2.14), ensures that there exists a subsequence
{ug;} and a function u € SBV%(R”) N H'(Q), such that ug, converges to u strongly in L} (R"),
weakly in H'(Q), almost everywhere in R™ and

\Vul|? dz Sliminf/ Vg, |? de,
Rn Jj—+o00 Rn J

/ (ﬂz +@2) A1 <lim inf/J (ﬂ%] —i—gij) d”Hn—1’
u ukj

J—+00
L'{u>0}\Q) <liminf L"({ug, >0} \ Q).
J—+00
Finally we have

E(w) < liminf &, (uy,) = inf { £(v) ] vESBVIRY) NH'(Q) },

Jj——+oo

Therefore, u is a minimiser to problem (4.4). O
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Theorem 4.8 (Euler-Lagrange equation). Let u be a minimiser to problem (4.4), and let
v € SBVY2(R") such that J, C J,. Assume that there exists t > 0 such that {v >0} C {u >t}

L"-a.e., and that
/ v dH" T < 4o0.
Ju\Jw

/ Vu-Vovdr+

Then

(wy () +uy (v)) dH" ! = / fvdez, (4.12)
Ju Q

where v+ = 'yi.

Proof. Notice that since v € SBV%(R") with J, C J, we have that v € SBV%(R”) NnHY Q).
Assume v € SBVY2(R™) N L>®°(R™). If s € R, recalling that {v >0} C {u >t} L™a.e.,
u(z) + sv(z) = u(z) >0 L'-aeVre{u<t},

while, for |s| small enough,
u(z) +sv(x) >t —|s||v)loo >0 Vze{u>t}.

Therefore, we still have
u+ sv € SBV2 (R", RT).

Moreover by minimality of u we have, for every |s| < s
Ep(u) < Epu + sv)

= [ |Vu+sVo|*do+
R”

+/J | [(’W(U) + 57t ()2 + (7 (w) + 57—(1}))2} -

-2 fu+sv)de+ CoL"({u>0}).
Rn

The set
Si={s€[=s0,50] | " (Ju\ Jutrsu) #0 }

is at most countable.

Let us define
Do ={zeJ, |7 (u)(z)#v (W)(2) },
Dy={zeJy |7 (utsv)(@)#~ (utsv)(z)},

and notice that
/Hn_l(Ju \ DO) = Oa Hn_l(Jqusv \ Ds) =0.

Then we have to prove that
{ S € [—80, So] ‘ Hn_l(Do \ Ds) 75 0 }
is at most countable. Observe that if ¢ # s,

(D\ Dy) N (D\ Dg) = 0.
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Indeed if z € D\ D,

v (u) (@) # 7 (w)(2),
Y (u) + 57" (v) (@) =77 (u) + 577 (v)(),
then
Y () () # 7 (v)(2),

and so
_ v (w)(@) =y (u)(x)
() (z) =7~ (v)(z)

If H° denotes the counting measure in R, we can write

S0
/ H" N (Dg \ D) dH® = H" ! U Do\ D, | <H"Y(J,) < +o0,

—S0 (—5(],8(])

then the claim is proved.
We are now able to differentiate in s = 0 the function &,(u + sv), and observing that 0 ¢ S is
a minimum for &,(u + sv), we get

%Sp(u)[v] = /n Vu-Vodz+ 8 [ [ay"(v) +uy™ (v)] dH" ' - /va dr = 0.

Ju
If v ¢ L>®(R"™), we consider vy, = min{wv,h}. Then
E(w)v] =0  Vh>0.
Observe that, since y*(v,) = min { y*(v), h },
v E(vp) = v (v) H" l-ae. in J,.

Therefore, passing to the limit for h — 400, by dominated convergence on the term
Vu - Vuy, dz,

Rn

and by monotone convergence on the terms
5[ [t )+ @l aw [ juds,
Ju Q
we get ) )
0 = lim () [en] = &(w)[e]
O

We now want to use the Euler-Lagrange equation (4.12) to prove that if f belongs to LP(2)
with p > n, and if w is a minimiser to problem (4.4) then u belongs to L>(R™). In order to prove
this, we need the following

Lemma 4.9. Let m be a positive real number. There exists a positive constant C' = C(m, 3,n)
such that, for every function v € SBV%(R”) with L"({v > 0}) < m,

1
(/ v2.1* dx) 1 S C|:/ ‘VUP dCL'—{—B/ (62 +Q2) d%n—l ’
n Rn Jv

where 1% = — 1 1s the Sobolev conjugate of 1.
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Proof. Classical Embedding of BV (R") in L'" (R™) ensures that

1
=

(/ W2 dx) " <Cm)|D?|(R™)

=C(n) [/n 20|Vu|dx + /U (% +v?) d?—[”_l] :

For every € > 0, using Young’s and Hélder’s inequalities, we have

1
*

</ R dx)l §C(€n)/ v? do+

+C(n)[e \Vvyzdx+/ (v2+1}2)d7-["_1]
R’ﬂ v

H x
LCmme (/ o2l da:) Ty
3 n

+ C(n) [5 \Vv|2d:v—|—/ (U2+92) d?-["_l].
R’ﬂ

v

Setting € = QC(n)m%, we can find two constants C'(m,n),C(m,3,n) > 0 such that

1
3

</ v da:) 1 < C(m,n) [ \Vol? dx + / (v* + v?) d’H"l]
n ]Rn

v

< C(m,B,n) [/Rn|Vv|zdac+ﬁ/J (v* +2?) d’}—[”_l].

We refer to [55] for the following lemma.

Lemma 4.10. Let g : [0,+00) — [0,+00) be a decreasing function and assume that there exist
C,a >0 and 0 > 1 constants such that for every h > k > 0,

g(h) < C(h — k)~ *g(k)".
Then there exists a constant hg > 0 such that
g(h)=0 Vh > hyg.

In particular, we have
ho = C'ag(0) 2000-1),

Proposition 4.11 (L*° bound). Let n > 2 and assume that, if n = 2, condition (4.5) holds true.
Let f € LP(Q)), with p > n. Then there exists a constant C = C(Q, f,p, 8,Co) > 0 such that if u
is a minimiser to problem (4.4), then

[ullo < C.

Proof. Let v+ = vi. For every ¢, € SBV%(R”) satisfying J,, Jy, C Jy, define

alp:¥) :/nv¢'v¢d$+5 AN ORE R ORI
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For every v satisfying the assumptions of Theorem 4.8, it holds that

a(u,v):/gfvda:.

In particular, let us fix k € R* and define
u(x) —k ifu(z) >k,
() = (z) | (z)
0 if u(z) < k,

then
_Jale) -k ifa(z) >k,
7 (pn) (@) = {0 if u(z) <k,

and analogously for 77 (¢ ). Furthermore, let us define
(k) = £({u > k).
We want to prove that u(k) = 0 for sufficiently large k. From Theorem 4.8, we have

and we can observe that

a(u, pr) = / |Vu]2 de + 8 [u(@— k) + u(u — k)] dH™ !
{u>k} Jun{u>k}

z/ \Vul? dz + 8 (@ — k) + (u— k)] dH"
{u>k} Jun{u>k}

= a(pk, ¥r)-

Moreover, by minimality, £,(u) < £,(0) = 0 and by Remark 4.6, 2 C {u > 0 }. Therefore, (4.6)
holds true and we can apply Lemma 4.9, having that there exists C' = C(£2, f, 3, Cp) > 0 such
that

| fords = atu.o0) > algro) = ol (4.14)
On the other hand

n+1

on 2n
[rovta=[  ju-ma<([ o pfds) e
Q Qn{u>k} Qn{u>k} (4.15)

n+1

< llp.a ekl p(k)2ne,

where )
o= Ln +1) > 1,
2n
since p > n. Joining (4.14) and (4.15), we have
n+1
lerll21e < Cllfllp. p(k)2ne. (4.16)
Let h > k, then
(h— k)Y p / (h—k)*Y dx
{u>h}

IN

/ 21 dax
{u>h}

/ B dr = [l 315
{u>k}

IN
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Using (4.16) and the previous inequality, we have
. n+1
u(h) < Clh— k)27 ()75

Since p > n, then ¢/ < (n+1)/(n —1). By Lemma 4.10, we have that u(h) = 0 for all h > hg
with hg = ho(£2, f, 8, Cp) > 0, which implies

[ulloo < ho-
O

Proof of Theorem 4.1. The result is obtained by joining Proposition 4.7 and Proposition 4.11. [

4.1.2 Density estimates for the jump set

In this subsection, we prove Theorem 4.2: in Proposition 4.17 we prove the lower bound for
minimisers to problem (4.4); in Proposition 4.19 and Proposition 4.24 we prove the density
estimates for the jump set of a minimiser to problem (4.4).

We will assume that 2 C R™ is an open bounded set with C'*! boundary, and that f € LP(Q),
with p > n, is a positive function. To show that if u is a minimiser to problem (4.4) then u
is bounded away from 0, we will first prove that there exists a positive constant § such that
u > 0 almost everywhere in {2, and then we will show that this implies the existence of a positive
constant dp such that v > dp almost everywhere in the set {u > 0}. In the following, we will
denote by Uy :={u <t} NQ.

Remark 4.12. Let u be a minimiser to (4.4), by Remark 4.6, u is a solution to

—Au=f in{,
u >0 on 0f2

Let ug € H&(Q) be the solution to the following boundary value problem

—Aug=f in (4.17)
ug =0 on 0f). '

Then, by the maximum principle,
u>uyg MQC{u>0} and {u<t}NQ=U; C{ug<t}nNQ.

Lemma 4.13. There ezist two positive constants to = to(Q2, f) and C = C(Q, f) such that if u is
a minimiser to (4.4) then for every t € [0,to] it results

£ < C't. (4.18)
Proof. Let ug be the solution to (4.17), fix € > 0 such that the set
Qe={zeQ|dz,00)>c}

is not empty. Since ug is superharmonic and non-negative in €2, by maximum principle we have
that
o = infug > 0.
Q

then wug solves
—Aug = f in Q,
ug =0 on 0,
ug > « on 0f),.
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Therefore, if we consider the solution v to the following boundary value problem

—Av=0 in Q\ €.,
v=20 on 0f),
V=« in Q.,

we have that u > ug > v almost everywhere in 2 and

{u<t}nQ=U0C{u<t}nQC{v<t}ni

The Hopf Lemma implies that
there exists a constant 7 = 7(£2) > 0 such that

ov
™ < -7 on 0f).

Let 2 € , and let zg be a projection of x onto the boundary 95, then

T — X9

|.T—I'0’ :d(a;,(?Q), - —I/Q(.%'()),

|z — x|
where v denotes the exterior normal to 0€2. We can write

v(x) = v(x0) +Vv(20) - (¥ — 7o) + 0|z — 0|)
hnr

:—gz(xo)|x—xo|+0(|$—$0|) (4.19)

> 7|x — zo| + o|x — o))

L d(z,09)

> 1 |
—|lr — 20| = =
2 =75

for every x such that d(z, Q) < o for a suitable o = d¢(€2, f) > 0. Notice that if z € Q
and lim,_,z v(x) = 0 then necessarily & € 9. Therefore, there exists a tg = to(, f) > 0 such
that v(x) < to implies d(z,0Q2) < 0¢. Consequently, if t < £y, we have that

{v<t} C{d(z,00) <op},
and by (4.19), we get

LU < Lr({v<t)) < ,cn<{ zeq ‘ d(z, 00) < %t }) <o)t

T

if ¢ is small enough, since € is C'b!.
O

Lemma 4.14. Let g : [0,t1] — [0,4+00) be an increasing, absolutely continuous function such that
g(t) <Ct*(g'(t))”  Vte0,t], (4.20)
with C' > 0 and a > o0 > 1. Then there exists tg > 0 such that
gty =0 Vt<to.

Precisely,

C J— o— o—o o—«
to—< =9 g4)= 41y > '

o—1
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Proof. Assume by contradiction that g(¢) > 0 for every ¢ > 0. Inequality (4.20) implies

Integrating between tg and t;, we have

T (9t~ g(t0) 7 ) = Lo (=
o —1\9\" gt “Co—a\'! 0 '

Since a@ > ¢ > 1, we have

o=1 o—1 a—a - o=1
0< glto) s(w 4 )+g<t1> -,

which is a contradiction if

O

Remark 4.15. Let g be as in Lemma 4.14 and assume that g(¢;) < K, then g(¢) = 0 for all

0 <t <t where .
i (O(OZ_O-)KJUl —i—t;"(jt)ga_

oc—1
We now have the tools to prove the lower bound inside ).

Proposition 4.16. There exists a positive constant § = 6(Q2, f,p, 5,Co) > 0 such that if u is a
minimaiser to problem (4.4) then
u>0

almost everywhere in 2.

Proof. Assume that € is connected and define the function

(2) max {u,t} in Q,
u(x) =
‘ u in R"\ Q

Recalling that Uy = {u < ¢} N Q, we have

Ju, \ O*Uy = J, \ °UL,

and on this set u; = v and u; = w.
Then we get by minimality of u, and using the fact that J,, N 0*U; C 012,

0> &p(u) = Eplur)

= [ |Vudz—2 [ flu—t)de+3 (u? +@?) dH" '+
U Ui 0*UNJy

.y / 82+ (v (w)?] dH" — 8 / (t* + u?) dH" !
Ju, NO*UN Ty, (JuyNO*Ue)\ T

> / \Vu|? dz — 2B6t*H™ 1 (0" U, N 0Q)
Uy
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where we ignored all the non-negative terms except the integral of |Vu|?, and we used that u < ¢
in 9*Uy \ J,. By Lemma 4.13, we can choose ¢ small enough to have £"(U;) < L™(£2)/2, then
applying the isoperimetric inequality in Theorem 2.6 to the set £ = U, we get

\Vul|? dz < 26 C't2 P(Uy; Q). (4.21)
Ut

Let us define
p(t) = P(Uy Q),

and consider the absolutely continuous function

g(t) = /U w|Vu|da = /Otsp(s) ds.

By minimality of u we can apply the a priori estimates (4.11) to prove the equiboundedness
of g, i.e. there exists K = K (9, f, 3,Cp) > 0 such that ¢g(t) < K for all ¢ > 0. Using the Holder
inequality and the estimate (4.21), we have

g(t) < </U w2 da:f( Ut\Vu|2d:c>é < V/2BCt LU (£2p(t)) 2.

Fix 1 > ¢ > 0. Then we can write L"(U;) = L(U)*L"(U)! ¢, and by Lemma 4.13 there exists
a constant C'= C(Q, f, ) > 0 such that

g(t) < CH75 L(Uy)E p(t)7.

By the relative isoperimetric inequality in Theorem 2.5, we can estimate
L (U < O(Qn)p(t) T,

and, noticing that p(t) = ¢'(t)/t, we get

g9(t) < Ct*(g'(1))",

where

“TeTy n-1) SR P

c n—1 3n—-3
c oY
n '3n—1)
we have that @« > o > 1, and then, using Lemma 4.14 and Remark 4.15, there exists a

0 =4(Q, f,p,5,Co) > 0 such that g(t) = 0 for every t < 4. Then L"({u <t} NQ) =0 for every
t < 6, hence

In particular, if we choose

u >0

almost everywhere in ).
When {2 is not connected, then

Q=0,U---UQy,

with €); pairwise disjoint connected open sets. Using wu; as the function u truncated inside a single
Q;, we find constants §; > 0 such that
u(z) > 9;

almost everywhere in ;. Therefore choosing § = min{dy,...,dx } we have u(z) > § almost
everywhere in €. O
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Using the previous result, we have the following proposition.

Proposition 4.17 (Lower Bound). There exists a positive constant g = do(S2, f,p, 5, Co) such
that if u is a minimiser to problem (4.4) then

u > 50
almost everywhere in {u >0 }.

Proof. We observe that, by Proposition 4.16, 2 C {u >t }, so that the function uy{,>¢} is an
admissible competitor for u. Then we can follow the proof of Theorem 3.5 to prove the assertion.
O

Remark 4.18. From Proposition 4.17, if v is a minimiser to problem (4.4), we have that
O {u>0}CJ, CK,. (4.22)

Indeed, on 0*{u > 0} we have that, by definition, v = 0 and that, since u > §y L™-a.e. in
{u >0 }, u > do.

Proposition 4.19 (Density Estimates). There ezist positive constants C = C(, f,p, 5, Ch),
c=c(, f,p,B,Co) and 61 = 51 (2, f,p, B,Co) such that if u is a minimiser to problem (4.4) then
for every B,(x) such that B.(x) N Q =0, we have:

(a) For every x € R™\ Q,
H"Y(J, N By(z)) < Cr L (4.23)

(b) For every z € K,,
LY Br(z)N{u>0}) > cer™; (4.24)

(c) The function u has bounded support, namely

{u>0}gBl/51‘

Proof. This is a consequence of the lower bound in Proposition 4.17 and the upper bound in
Proposition 4.11. In particular, the proof of Points (a) and (b) follows exactly as the one of
equations (3.11) and (3.12) in Proposition 3.7. To prove (¢), let 4; > 0 and x € K, such that
d(xz,080) > 1/61. From (4.24), noticing that £,(u) < &,(0) = 0, we have that

2t oo
6 < L({u> 0\ Q) < Hu”/fdm,
Co Ja

which is a contradiction if §; is sufficiently small. The assertion then follows using (4.22).
O

Remark 4.20. Given the summability assumption on the function f and the lower bound given
in Proposition 4.17, we have that minimisers to (4.4) are almost-quasi-minimisers of the functional
M, defined on SBV2 (R") N H(Q) as

M(v) = Rn\wﬁ dx + XH"(JT,),

that is, there exists C(Q, f,p, 5,Co) > 0, A, f,p,3,Cp) > X and a(n,p) > n — 1 such that, if
B, (x) is a ball of radius r < 1, and v € SBV%(R”) N HY(Q), with {u # v} C B.(z), then

My (u; Br(x)) < Mp(v; By (x)) + Cre,
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where

Mo (v: Bu(x)) = / Vo2 da + XK1 (J, O By ().
Br(x)

Indeed, let u be a minimiser to (4.4), let B,(z) be a ball of radius » < 1, and let v € SBV%(R”) N
HY(Q), with {u # v} C B.(z), and let

w=min{max{v,0}, ||u| } -
By minimality of u we have that
MA(“; Br(l‘)) < MA(UQ Br($)) +Cr",

where A = 362 and A = 23||u||%,. Moreover,
/Q B fudx S ”fHI%QHUHOO‘Cn(BT)l/p, = C(Qa fvpv 67 CO)Tav
NBy(x

where
n
n>a:—/>n—1.
p

Finally, we have
M (u; Br(x)) < Mp(v; Br(z)) + Cre.

Such a minimality property can be used to prove the lower density estimate in Proposition 4.24
using the following decay lemma

Lemma 4.21 (Decay lemma). Let 1 >~ > n — «. There exists 1o = 19(n, Q,v,\) > 0 such that
for every 1o > 7 > 0 there exist ro = ro(7,82), €9 = €o(7, Q) > 0 such that, if zg € O, rog >1r >0,
and u is a almost-quasi minimiser on B, = By(xq) for the functional G such that

H (T, N B,) < egr™ 1,

then we have that either
My (u; By) <r"77,

or

My (u; Bry) < 7" T M (u; By).

Proof. The proof of the decay lemma is similar to the one of Lemma 3.12 (see also |28, Lemma
5.3|, |22, Section 4|, [44, Lemma 4.9]). The main difference is in the construction of the blow-up
sequence of almost-quasi minimisers.

Let up be a sequence of almost-quasi minimisers on B,, contradicting the lemma, with
limy r, = 0. To reach a contradiction, one usually constructs a sequence of functions 73 on the
unit ball, related to the sequence ug, that converges to a harmonic function v. Then, we construct
a sequence of admissible test functions ¢, on B,;, and use the minimality property of u; to prove
that v is harmonic. If d(x,2) > 0, then the test function are only required to be in SBV(B,, ),
while, if 2y € 9 the additional constraint 1, € SBV(B,,) N H(Q2N B,,) should be treated with
more carefulness.

Without loss of generality let g = 0 and let E;, = rifn/\/lA(uk; B,, ), and define

1
vp(w) = F%(mx)-
p
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For any k, we extend uy € HY(Q N B,,) to Lu, € HY(B,,), which is a function such that
ur — Lui = 0 in Q. Let us define, with a slight abuse of notation,

1
Log(z) = WLuk(rkx), wy, = v, — Loy,
k

so that, by construction, and by properties of the blow-up,
limkinf L"{wg =0}) > limkinf r,"L"(QN By,) > 0. (4.25)

This is the key property: by Poincaré inequality in SBV, there exist wj truncated functions, such
that
lim £"({wy, # wx}) = 0, (4.26)

and, up to subtracting medians, w;, converge in L? to some Sobolev function. By (4.25) and
(4.26), and considering that wy is a truncation of wy, then for big enough k, up to £"-negligible
sets,

{’U)k = 0} g {wk = u?k}.
This means that if we define ¥, = Wy + Lvg, then the scaled back functions

= 1 (2)

Tk

respect the property 4y = uy in QN B,,. Moreover, it is possible to choose an extension L (see
Lemma 4.22) such that, combining the Poincaré inequality in SBV and the Poincaré inequality
in H', then there exist constants ¢ such that 9, — ¢, converge in L? to a function v € Hl(Bl).
This ensures that, if we take p < p’ small enough, 7 cut-off functions between B, and B,y, and

¢ € H'(By), then the test functions ), = E,i/Qgpk(J:/rk), with

O = (77(90 +c) + (1 — U)ﬁk)XBp, + UkXB\B,»

are admissible test functions for any ¢ € H'(Bj), leading to similar computations as Lemma 3.12
(and the aforementioned papers). O

Lemma 4.22. Let ) be an open set with Lipschitz boundary, and let xg € 0). There exist
positive constants py = po(2, zg), C = C(, ), 6 = (L, x0) > 1, and an extension operator

L:HYQ) — HY(B,,(x0))

such that, for any w € H'(2), and for any r < po, we have that Lu = u in QN B, (z¢) and

/ \VLu|?*de < C |Vu|? dz. (4.27)
By (o) QN Bsr(zo)

Proof. We can assume without loss of generality that zo = 0, and, if s is small enough, we have
that, up to rotations,
QN B, ={(2,z) € B, } v(@') <z },

for a suitable Lipschitz function ~, with v(0) = 0. We denote by ® the diffeomorphism that
flattens the boundary 0f2, namely

(P(x,7 Tn) = (:C/, Tn — /7(1',))7 (I)_l(ylv Yn) = (?/7 Yn + V(y,))'
Let M = ||V7|ls0, we claim that for any r < (1 + M)~2s we have

®(By) C Baymyr C 2(Bagan2e)- (4.28)
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Indeed, let x € B, then
|D(2)[* < [a? + 2|zny(@)] + [v(2)?,

so that, we have
[y (@)] < 2]V loos

and then
|P(x)] < (14 M)r.

In a similar way, we have that for any = € By,
@71 (2)] < (1+ M)?r,

thus the claim is proved.

Let us take a ball B; such that ®~1(B;) C Bs, which we can find thanks to (4.28), and let us
reflect the function v(z) = u(®(x)) as follows: for any = € By, we define

Lo(x) v(x) if x, <0,
v(z) =
—3v(2, —xp) + 41;(3;’, —%") if 2, > 0,

which is still a Sobolev function in B;. Moreover, we have

/ \VLv|?dz < C \Vo|? de,
B Btﬂ{xn<0}

where C is independent of . We put Lu(x) = Lv(®~!(z)), and by change of variables, we get

/ |VLul? dz < C(Q)/ |Vul|? d. (4.29)
éfl(Bt) Qﬂ@fl(Bt)

Finally, taking po = (1 + M)~2s, and to = (1 + M)~ s, we have B,, C ®71(By,). Therefore,
denoting by 6 = (1 + M)?2, by (4.28) and (4.29), we get, for 7 < po,

/ |VLul? dz < / |VLul?dz < C |Vul|? dz < C \Vu|? dz.
Br($()) -1 B\/gr) qu)il(B\/gr) QmBgT

O

Remark 4.23. Notice that if  is bounded, the constants in Lemma 4.22 can be chosen
independent of the point xg.

Then, as in the proof of Theorem 3.2, arguing by contradiction, we can iterate the decay
lemma (Lemma 4.21) to prove the following lower density estimates.

Proposition 4.24 (Lower Density Estimate). There ezists a positive constant ¢ = ¢(, f,p, 5, Co)
such that if w is a minimiser to problem (4.4) then

1. For any x € K,
H' ! (JuN By(x)) > er™

2. Jy is essentially closed, namely
Hn_l(Ku \ Ju) = 0;
Finally, we have

Proof of Theorem 4.2. The result is obtained by joining Proposition 4.17, Proposition 4.19, and
Proposition 4.24. O
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Remark 4.25. Let u be a minimiser to (4.4) and let A = {w >0} \ K,, then arguing as in
Remark 3.14 and using the fact that w is superharmonic in the complement of k,, we have that
A is open and 0A = K. In particular, the pair (A, u) is then a minimiser for the functional

gp(E,v)—/Wv\?dx—Q/ fvdat+/ (v* + %) dH" ! + CoL™(E\ Q)
E Q [2) )

over all pairs (E,v) with E open set of finite perimeter containing  and v € H'(E).

4.2 Thin insulating layer: the limit problem

The main results of this section are based on the results of [36]. We address the problem of
qualitatively and quantitatively describing the shape of the optimal configuration of insulating
material in the thin layer setting.

More precisely, as in Section 3.2, let  C R"™ be a smooth, bounded, open set, and let
h: 00 — R be a positive smooth function. Denoting by 1y the exterior unit normal to the
boundary of €2, for every € > 0 sufficiently small, we define

Se = {o+tw(o) |0 €N 0<t<ch(o)}

and we denote by £, = QU X.. Moreover, we assume k = €.

We then consider the minimisation of the energy
£,.(v,h) — / Vol? dz + a/ Vol da + 5/ o2 dH — 2/ fodr,  (4.30)
Q e 0 Q

where v € H'(Q.). Similar problems have been studied before with a Dirichlet boundary condition
in [16], [6], [18], and more recently in [10] (see also |9]), where the assumptions on the regularity
of 2 have been weakened.

As for the capacitary problem, instead of penalising the volume of the insulator we displace,
we will work under a volume constraint assumption. Namely, for a given m > 0, the problem of
finding the best configuration of insulating material surrounding €2, in the thin layer setting, can
be stated as

(4.31)

min { Epe(v,h) £(5.) < em
I3 =

ve HYDL), } |

Recall that in the limit, the volume constraint can be expressed by an integral constraint on
h, namely, working in the space

/ hdH" ' <m
Hop = Hm(0Q) = { h e LY(0Q) | Joa
h>0

In subsection 4.2.1 we compute the I-limit, in the strong L?(R™) topology of the functional
Epe(-,h). Then in subsection 4.2.2 we study the minimum of the limit energy in H(2) x H,.
We remark that no assumption on the sign of the function f is needed.
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4.2.1 The limit problem

Let © C R™ be a bounded, open set with C! boundary, and fix a positive Lipschitz function
h: 0Q — R. In the notations of Section 2.2 let

Fi={zeR"| d(z) <t}\Q
From the regularity of 0f2, there exists dgp > 0 such that for every x € I'g,, we can uniquely write
x=o(x) + d(z)v(o(x)),

where o(x) is the metric projection of = on Q and d(z) is its distance from 2. Moreover, on I'y,,
extending vy as vp(x) = vo(o(x)) we have that vy is orthogonal to the level set of the distance.
In the following we will assume h to be extended to 'y, as h(x) = h(o(z)) and € > 0 such that
e||h]leo < do, so that X, C I'g,.

We extend the energy to the whole L?(R")

/]V’U]Qdac—i—e/ \VU\Qd:U—&—B/ v? dH" —2/ fvdr ifve HY(Q.),
Q Ye 00 Q

+oo if v e L2(R™)\ H'(QL),

Epe(v,h) =

and define the energy

02
|Vv|2d:z—i—ﬂ/ ———dH"! —2/ fvdz ifve HY(Q),
Epo(v, h) = /Q oo 1+ Bh Q

+00 if ve L2(R") \ HY(Q).
In [36] they prove the following theorem

Theorem 4.26. Let Q C R™ be a bounded, open set with C*' boundary, and fix a Lipchitz function
h: 9 — (0,400). Then E,.(-,h) T-converges, as e — 0T, in the strong L*(R™) topology, to
5p70(" h) :

Proof. As previously stated, the proof of this theorem is analogous to the one of Proposition 3.17;
hence, in the following, we will only remark the main differences between the two.

We start by proving the I'-liminf inequality: Let v € L?(R") and let v. € L?(R"™) such that v.
converges to v in L?(R") as ¢ — 0F. Up to passing to a sub-sequence, we can assume that

liminf &, . (ve, h) = lim &, (ve, h),

e—0t e—0t

moreover, we can assume that such a limit is finite and that v. € H*(Q.). Therefore, there exists
a constant C' > 0 such that

/ Vo, |* dx — 2/ foedz < &p(ve,h) < C. (4.32)
Q Q
Since v, converges in L?(R") to v, we have that

/vaada:—>/ﬂfvdx

which, together with (4.32), implies the boundedness in H!(Q) of v.. Then v € H'(Q) and, up
to a subsequence, v. converges to v, weakly in H'(Q). As a consequence

liminf/|Vv5|2dx—2/ fvgde/]Vv|2dx—2/ fvdz.
e—=0t Jq Q Q Q
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We are left to show that

1)2

oo 1+ Bh

liminf / |Vve|? dz + B / v2dH" > 8 dH" L. (4.33)
PO Qe

e—0t

Using (3.43), (3.44) we have that

eh(o)
|V |? da > / / |V (o + tg)|*(1 — Qo) dt dH™
e o0 J0

and

/ v dH" > / v2(0 +eh(o)rp)(1 — Qo) dH" !
0Qe o0
for some constant Q9 > 0. Following the same computations as the proof of Proposition 3.17,

one can easily prove that

2

Voe|? da + 2 gyt > Y gH™ ! — eQoRe (e, v2),
5/5 veffdr 4 5 nge 25 oo 1+ Bh £QoRe(e, ve)

where, by (3.45) and (3.46),

R.(e,v:) < C(\V%P dx + ﬁ/ v? dH"_l)
Qe

< &Epe(h,ve) + 2/ fvedzx < C.
Q

Then, by the weak convergence in H'(2) of v. to v, and by the lower semicontinuity in L?(9<2)

of the function )

v

dan—l’
o 1+ Bh

v B

we have (4.33) and the I'-liminf inequality.

I-limsup inequality: Let v € L2(R"), if v ¢ H'(Q) the I'-limsup inequality is trivial, therefore
let v € HY(Q). By the regularity of ), we can fix o € H*(Q2) an extension of v, then let

v(z) itrx e,

) Baw) o
ve(x) = v(x)<1 -0 —l—Bh(x))) fzed,
'l}(.’B) lf X §7_£ Qs,

where we recall that, if = o + tr(o), then h(x) = h(o). Trivially ve converges to v in L?(R")
and v. € H'(.). Since v. = v in €2, we only need to check that

2

v
oo 1+ Bh

hmsups/ |V |? dz + B/ v2dH" < B dH™ L. (4.34)
€ QE

e—0t

For every x € 3, let
Bd(x)

-1
then, for every A € (0,1), by convexity

1 1
/ |V |2 dx < / 7|V, |? d:L‘+/ ©?|Vo|? da.
2. AJs, L=AJs,
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Recalling that 0 < d < eh, Vd = 1y and Vh - g = 0, we have
B BRVRE B AP
e2(1+4ph)?2 ~ e2(1+ph)* — e2(1+Bh)?2  (1+ph)*’

where the second term is bounded since h is Lipschitz. Hence, substituting ehr = ¢ in (3.43), we
get

|V‘P€|2 =

~2
2 v € ~12
Voe|* dx < d Vol d
/| Ve|” d - /25(1+ﬁh)2 x+1—)‘/25| 0|*dx +eC

(o + ehT1p)*h el
/m/ 1% 3h)? (14+eQo)drdH" ™" + o(e).

Passing to the limit, we have that for every A € (0, 1)

lim sup e Vo2 dz < / 5 dH" L
e—0+ 25| o o0 1+5h
hence,
limsupe [ |Vue|?dz < 62/ inh dH" ! (4.35)
ot Jme " Joq (1+Bh)? ’ '
On the other hand, for every o € 02,
(o + eh(o)vp(o
velo + ch(o)n(o)) = e ﬁ(h()a)O( ),
from which we get, using (3.44)
- Bi(o +eh(o)w)? 1
B wrdH"' < 1+ Qo) dH™ .
9. oo (L+Bh)? (
Hence we have
lim sup /3 vidH < / ﬂd%"—l (4.36)
cso+ Joo = Joa (1+ Bh)? ' '
so that, joining (4.35) and (4.36), we have (4.34) and the I'-limsup inequality is proved. O

As we extended the energy on the whole L?(R™), minimisers of the problems &, (-, h) are not
unique; however, in Q. they all coincide with the steady-state temperature u. € H'(Q.), solution
to the boundary value problem

—Au, = f in Q,
Au, =0 in X,
Oyouz = dyul  on 9Q,

(Ovtte + Pu: =0 on 0.

However, the extension to L*(R™) is mainly artificial. Indeed, for all intents and purposes, we are
only interested in the values the minimisers take in €2.. Hence, in the following, we will assume
ue extended to zero outside ), and refer to it as the minimiser of &, (-, h). Similarly, we will
call the minimiser of &, (-, h) the one of

& h
vty Epolesh):
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that is, the weak solution uy € H'(Q) to the boundary value problem
—Aug=f in Q,

5 (4.37)
mug =0 on 0f).

We will also assume ug to be zero outside of €.

81,0 ug +

We now prove a Poincaré-type inequality, which will be useful in the following.

Lemma 4.27. Let Q C R™ be a bounded, open set with C1' boundary, and fiz a positive Lipschitz
function h: 0 — R. Then there exist positive constants dy = do(2), and C(Q, ||h||co.1, 8,) such
that if

ellhlloe < do,
then for every v € H'(€.)
/ v? dx < c[/ Vv|2d:c+5/ |Vv|2dx+ﬁ/ v? d?-l"‘l], (4.38)
= Q Ye 0Qe
and
/ v? da geo[e/z \Vo?dz + ., v? d?—["‘l]. (4.39)

Proof. Up to using a density argument, it is enough to prove the assertion for every smooth
function in H*(.). Let v € C1(Qe). For every x € 3. we recall that we can represent

x = o(z) + d(z)vp(z).
Extend h as h(z) = h(o(x)), and define
&(z) :==o(x) +eh(z) vo(x).

This construction allows us to write for every x € 3.

eh(zx)
o(z) = v(E(@)) — /d O (o) + tro(a)) dt.

—
() 81/[)
Hence, by Young and Hélder inequalities,
eh(x)
() < 202(E(@)) + 22|l oo / Vol (o(z) + tro(e)) dt. (4.40)
0

Integrating over ¥, using (3.45) and (3.46), and recalling that {(z) = £(o(x)), we can find a
positive constant C' = C(£2, ||h]/co,1) such that

eh(o)
/EE v? de §C/89/0 v?(£(0)) ds dH" (o)

eh(o) peh(o)
+ €C/ / / Vol (0 + twy) dt ds dH" (o) (4.41)
o Jo 0

SaC’(/ v dH ! + e \vv\2dx>.
0 e

From which we have (4.39). Similarly, we can integrate (4.40) over 9 and have

/ deH”‘1§C</ UQdHn_l—I-E/ |Vv|2dx>. (4.42)
o0 Qe e
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From the Poincaré inequality with trace term in €2, we have

/02 dr < Cp(Q) (/Vv|2dm+/ v? d’l—l”‘1>, (4.43)
) Q o9
so that joining (4.41) and (4.43), and using (4.42) we have (4.38). O

Remark 4.28. Let u. € H'(Q2) be the minimisers of &, (-, h). Then, by minimality
Epe(ue,h) < &,.(0,h) =0.

Hence, we have

/\Vua\zdac—i—e/ \Vus\QdQH—ﬁ/ uldH" ! < 2/ fue.
Q e 0Qe Q

By standard arguments, using the Poincaré-type inequality (4.38) and Young’s inequality, we
have that there exists C' = C(Q, ||h|co.1, B, || f]l2) > 0, such that

/|Vu€]2d:r+s/ |Vu€|2dx—|—ﬁ/ wdH " < C.
Q ¥. Q.

Then u. is bounded in H'(2) and, up to a subsequence, converges to a function u € H'(Q)
weakly in H1(2). On the other hand, by (4.39)

/ u? — 0.

Extending u to zero outside of Q we have u. converges to u in L?(R"), hence, by the properties
of I'-convergence (see Proposition 2.27) u is a minimiser of the limit energy of £, o(-, h) so that u
is ug and

lim gp@ <u€’ h) = 5p70 (uo, h)

e—0t

Finally, we observe that from every subsequence u., we can apply the same argument to prove
the convergence of an appropriate subsequence to the same function ug, hence in particular u.
converges to ug strongly in L?(R™) without needing to pass to a subsequence.

4.2.2 Optimal shape of a thin layer

In this subsection, we study the optimisation problem

i & h). 4.44
(o )L (0) x Mo po(v, h) (444)

In particular, in [36], they proved the following theorem.

Theorem 4.29. Let f € L?(Q) with f > 0. For any m > 0, there exists (u, hg) € H*(Q) x L3()
solution to (4.44). Moreover the couple (u, hg) is a solution to (4.37) and

u(o 1
BN 2 i u(o) >
ho(o)={ B B (4.45)
0 otherwise,
where ¢, s the unique constant which satisfies
1
Cu || dH™ L.

T HOQN {Ju] = eu }) + mB Joaniuze )

Finally, if Q is connected, the couple (u, hy) is the unique solution to (4.44).
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sketch of the proof. The proof of the previous theorem can be divided into 3 main steps that we
will briefly discuss in the following.

Step 1. Prove that for every m > 0 and every v € L%(9) there exists a unique solution ¢, > 0

to the equation
1

- vl dH L 4.46
H({ v > eu }) +mpB {\v\zCu}H A0

Cy

Then, the function
o) 1
ho(o) =4 @B B

0 otherwise,

if |u(o)] > ¢y,

is in ‘H,, and is the minimiser of

. B2 m
dH" .
Rt /ag 1+ Bhv "

This can be seen using the monotonicity and convexity of the function

1
x € [0,+00) — eR,

1+
and the fact that h, is stationary for the functional

B2 -t

h e LY(09 dH"
e LY )I—>/1+ﬂhv ML,
with the constraint
hdH" ! =m.

o0

Step 2. Prove that, for every m > 0 there exists a constant C' = C(£2,m, 8) > 0 such that for
every v € H'(Q) and h € H,, the following uniform Poincaré-type inequality holds

v2dx<0[/Vv2dx+/ B vde"_l]. 4.47
/Q - Q| | oo 1+ Bh (447)

In the paper, this is proved by combining step 1 and the classical trace inequality (see for instance
[27, Proposition 2.2] or [17, Proposition 1.5.3])

2
/UZdang[/]Vde:v—i—(/ |v\d7—["1) ]
Q Q oN

Indeed, by step 1,

ﬁ 2 n—1 / 18 2 n—1 18 ( 2 n1)2
dH™ ! > dH! > dH :
o1+’ = o171 Bhy " = 1 1(00) + mB BQ“"

where the last inequality can be obtained by straightforward computation using the definition of
hy.

Then, from (4.47) and standard arguments, one can prove the coerciveness of the energy &,
in the sense that there exist two constants C1, Cy > 0 such that

Epo(v, h) = Ci|v]| i) — Co,

for every v € HY(Q) and h € H,y,.
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Step 3. Given a minimising sequence (ug, hx), without loss of generality we can assume that the
functions uy, € H(f2) are the weak solutions to

—Auk = f in Q,

p

P = 0
1+5hkUk 0 on 09,

31,0 Uug +

as they are the minimisers of
min &,o(v, h
veHL(Q) .0 ( k)

Let ¢ = ¢y, be defined by the implicit equation (4.46). By the maximum principle, it can be
shown that the sequence ¢ cannot vanish as k goes to infinity. By the coerciveness in step 2 we
have that, up to a subsequence, uj, converges weakly in H'(Q), strongly in L%(92), to a function
u € H'(2), and by step 1 we can substitute hy with

U
k2 ity >,
ha, = { kP B
0 otherwise.

Then h,, converges in L*(92) to a function hy and (u, hg) is a minimiser of (4.44) which satisfy
(4.37) and (4.45).
Finally, if 2 is connected, the uniqueness is given by the strict convexity of £, in (v,h). O

We now want to look at the proof of Theorem 4.29 from a different perspective. Namely, for
every h € H,,, denote by uj, the solution to the Poisson equation (4.37). We will consider the
equivalent problem

min &, o(up,h) = min — up dx.
heHm po(tth; = heHon /f

To prove the existence of a solution, we then need compactness and (semi)continuity results. As
we will see in the following, this approach can also be used to study non-variational energies.

We start by defining a new topology in the set H,,. For every h € H,,, denote by

B
1+ Bh’

the boundary parameter in equation (4.37). By the convexity of the function

by, =

€ (0,400) —

we have that the set
0<b< B H"'—ae indQ,
/ dH"™ 1 < ( ) +m
o0 b B
where we recall that P(2) is the perimeter of €2, is compact in the the weak-* topology of L (0%).

Definition 4.30. We will say that a sequence {hy} C H,, converges in H,, to h € H,, if and
only if the sequence by, converges to by, in the L>°(02) weak-* topology.

Remark 4.31. Notice that H,, with the previously defined topology is compact. We remark
that in the original problem in [36] the set H,, is defined with an equality constraint. However,
such a constraint is not preserved with the convergence we defined, hence we had to weaken it to
an inequality constraint.
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We have the following proposition
Proposition 4.32. The function
h e My uy, € HH(Q)
18 continuous with respect to the notion of convergence given in Definition 4.30.

Proof. The main tool in proving the continuity is the uniform Poincaré-like inequality (4.47)

vzdx<C[/ szdx—i—/ B V2 dH .
/Q - Q’ | oo 1+ ph

We remark that the previous inequality can also be obtained by a standard contradiction argument
and the compactness in the weak-* topology of L™ of the set of boundary parameters B,,.

Let {hy} C M, such that hg converges to h in H,,. By standard argument, using the
Poincaré inequality (4.47), we can find a constant C' = C(£2,m, f), independent on k, such that

vl 1) < C

for every k. Then, up to a subsequence, up, converges weakly in H 1(Q) to a function v. We want
to prove that v = uy,. By (4.37), for every ¢ € H'() we have that

/ fodr = / Vaup, Vo dr + / bp, un, p dH" !
Q Q o0
(4.48)

—/Vuthgod:r—i—/ bhuhkgod’r'-[”_l—i-/ (b, —bh)uhkgod?-l"_l.
Q [2)9] o0

By the weak convergence of up, to v in H 1(Q), we have that up,  converges strongly in
L' (09) to vy, while by definition of convergence in H,,, by, converges weakly-* in L>(99) to
bn, hence

k

lim (bhk — bh)uhk<p dHn_l = 0.
k—oo [0

Then, passing to the limit in (4.48), we have, for every ¢ € H' (),

/ fodz = / VoV dz + / b dH™ 1,
Q Q o0

so that v = up. Moreover, we have that

/]Vuhklzdx:/fuhk dx—/ bhku%k dH" !
Q Q o0N

and the right-hand side of the equation converges to

/fuhd:n—/ bhu%dH"_1:/|Vuh|2dx.
Q a0 Q

lim /]Vuthde:/]VuhIde
k—oo J Q

so that the convergence in H'(f2) is actually strong. Finally, since the limit does not depend on
the subsequence, we have that the sequence uy, converges in H 1(Q) to uy, without having to pass
to a subsequence. O

Then
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Then the existence of a solution (up,, ho) is a direct consequence of the compactness of the set
H,, with respect to the convergence in Definition 4.30 and the continuity result of Proposition 4.32.

As previously observed, the existence result in H,, does not, in general, guarantee that a
solution hg saturates the integral constraint. However, if f > 0 we can say something more.
Indeed, we have the following monotonicity property.

Proposition 4.33. Let f > 0, then the function
h € Hp— uy € HH(Q)
18 monotonic increasing.

Proof. Let hy, hy € Hyy, such that hy > hg and let w = up, — up,. By direct computations, we
have that

Aw =0 in £,
8Vw+Lw>O on 0f).
0 1+ 6hy  —
Then, by maximum principle, w > 0 and up, > up,. O

Then, if f > 0, from the previous proposition, we have that the function

h»—>—/fuhdx
Q

is decreasing so that, necessarily, hg satisfies
hodH" ' =m.
0N
Indeed, otherwise, we could contract a better competitor rescaling hg as ahg, for some o > 1.

The final step is to characterise the function hgy as in (4.45). To do that, one may look at the
first optimality condition of the problem

min —/ fup dzx.
Q

heHm
We will outline the idea by working in the set B,, instead of H,, as the differentiability of the
Robin problem is easier. For every b € B, we will denote by v, the solution to
—Avy, = f in ,
OvoUp +bvpy =0 on 01,

by
F(b) = —/ fupdx
Q
and consider the problem
min F(b). (4.49)
beBm

Given a perturbation v, denote by 0, = p[1)] the Gateaux derivative of v, at b in the direction .
We have that
Aty =0 in Q

Oy Uy + by = —1pv,  on ON2.
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Then the first variation of the energy F is given by

FO)] = - /Q fonle] d = /8 o dn

If by is a solution to problem (4.49), then by the Kuhn-Tucker theorem (see for instance [53,
Theorem 3.2|) there exists Lagrange multipliers A > 0 and non-negative Radon measure on 02
such that

suppp € {bo =B},

and "
Foo) = [yt = [ v,
o0 Yo
for every ¢ € L*°(92). Then,
vpbg =X in {by #B}.

Let ¢?3% = )\, then

if |vp,| > ¢
by = ’Ub0| ’ 7

I5} otherwise.

Finally, we can characterise the constant c in terms of vy, using the integral constraint of

1 . P
—dH" ="t m
/69 bo B

The original proof of Theorem 4.29 is arguably much more direct and complete than the
second approach presented. However, the second framework can be used to prove the existence of
a solution to optimisation problems such as maximising the average temperature, that is

max up, + dT
heHm/Q o

or minimising the distance from a desired temperature u*, that is

ma up ¢ — uw P dx
he?-l)fn /Q| hf ‘ ’

for suitable p (for instance p € [1,2*]). More generally, it allows us to study energies of the type

‘F(h) _/j(xavh,f7vvh,f)dx+/ g(avvh,fah)dHn_la
Q o0

for suitable choices of functions j and g.

4.2.3 The case of Dirichlet boundary condition

As mentioned at the beginning of the section, this type of Poisson problem was first introduced
for the Dirichlet boundary condition in the context of elastic reinforcement. In [16] and [6], the
authors study the limit behaviour of elliptic equations with Dirichlet boundary conditions on a
family of sets of the type (.. The prototype equation is the Poisson problem

(—AuP = f in Q,

AuP =0 in X,

uP= = uP* on 99, (4.50)
Opyul = = edyul+  on 09,

uP =0 on 0f)..
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In [6], the result is obtained by proving the I'-convergence of variational energies, while in [16],
by more direct computations on the behaviour of the solutions on the set 0f).

In the particular case of problem (4.50), the associated variational energy is

/|Vv|2dm+€/ yvv|2dx—2/ fodz if v e HH(Q.),
gpl,)a(vah) = @ e @

+00 if ve L2R™)\ H(Q.).

As e goes to zero, 855(-, h) T-converges, in the strong L?(R™)-topology, to the functional

2
/\Vv]2d$+/ l;LdHn_l—Q/ fvdz ifve HY(Q),
£0y(w,h) = 4 o o0 0

+00 if ve L2(R") \ HY(Q).

In particular, the solutions, u”, to the Poisson problem (4.50) are minimisers of 855(-, h) and

converge, as € goes to zero, to the function uOD , minimiser of 550(‘: h) and solution to the problem

~Aup = f in €,
1 (4.51)
Opud + Eu(’? =0 on 0.

We notice that the limit problem (4.51) is exactly the limit, for 5 going to infinity, of the
Poisson problem (4.37) we had in the Robin case. This should not be too surprising since, as
already discussed in Section 1.1, the Dirichlet boundary condition can indeed be seen as the limit
case of the Robin one. However, it is surprising how, in the limit for € going to zero, the Dirichlet
boundary condition on 9€2. becomes a Robin boundary condition of J€) instead.

In [27] (see also |18]) the author studies the optimization problem

| & " 4.52
(v,h)eg}l(%)me p,O(% ) ( |

which relates to the thermal insulation problem of finding the optimal configuration of insulating
material when the main mode of heat transfer with the environment is conduction. As for problem
(4.44), problem (5.27) is equivalent to

. D/ D : D
min £ n(uy ,h) = min — uy .
heHm rolu’s ) hEHm /Qf 0

On the other hand, for every v € L?(99) \ {0}, it is easy to see, by Hélder inequality, that the
function

1)2
heH,— —dH™ !
o h

attains its minimum at o]
v

W =m——
lv| dH" !
o0

v

Hence, problem (4.52) is equivalent to the auxiliary problem

1 2
. D _ . 2 n—1 .
UE%III(IQ) Epo(v, hy) = UE%%)/QWM dzr + - (/89]14 dH ) 2/va dx. (4.53)
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By the trace inequality (see for instance |27, Proposition 2.2| or [17, Proposition 1.5.3|)

2
/de:):SC /]Vv|2dac+ (/ ]v\d?—[”_1> ],
Q Q oN

and the direct methods of the calculus of variation, the auxiliary problem (4.53) admits a solution,
and we have the following theorem.

Theorem 4.34. Let f € L*(Q). For any m > 0, there exists (u?, hP) € HY(Q) x H,y, solution
to (4.52). Moreover, u® is a solution to the auwiliary problem (4.53) and
|u”]

Ww=m——"=1
"LLD| dr}_[nfl
0N

Finally, if Q is connected, the couple (u”, hP) is the unique solution to (4.52).

For every open, bounded, Lipschitz set @ C R", and every h € H,,(002) let wq be the
solution to the limit problem (4.51) when f =1, and let

T2 h) :/ww’hdfv.
Q

In analogy with the Saint-Venant inequality, in [18], the authors posed the question of whether,
among sets of given measure, the quantity

inf  T(Q,h)
heHm (092)

is maximised by the ball. That is: is it true that among uniformly heated conductors of given
volume, the ball-shaped one has the highest mean temperature?

The answer to the question is affirmative. Indeed, for every open, bounded, Lipschitz set
Q C R", and every h € H,,(0R2) let wgqp be the solution to the limit Poisson problem with
Robin boundary condition

—Awgop=1 in Q,

(91,0w/3797h + wWe.Oh = 0 on 09,

1+ Bh
and let

T3(S2, k) :/wg,w,hda:.
Q

In [36], using technique similar to the one in [7] (see also [61]), they proved the following

inf Ts(Q,h) < Tp(Q*,m/P(Q*
pinf Tp(€, h) < Tp(2, m/P(Q)),

where Q* is the ball of the same measure as {2. Passing to the limit as 3 goes to infinity, wg
converges to wy, p, SO that

Jnf T(Q,h) < T(Q,m/P(Q)).
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4.3 Thin insulating layer: first-order development

The content of this section is based on the results of [3].

We prove a first-order asymptotic development by I'-convergence (see Definition 2.28) for the
energy & (-, h). To study such an asymptotic development, we need to study the behaviour of the
minimisers u. in the set X.. As suggested by the recovery sequence in the proof of the I'-limsup
inequality, we expect that the functions u. can, in some sense, be approximated by functions that
are linear in the normal direction to the boundary of 2. For the capacitary problem, this was
proved by Proposition 3.19 "trapping" the functions between super and sub solutions, for the
Poisson problem, instead we "stretch" the solution u. via a pullback on the reference set 31 and
study the limit as € goes to zero. To be more precise, we construct a diffeomorphism

W, Y — X,
by rescaling the distance from 9€2. The approach is analogous to the dilation technique proposed in
[14] for the asymptotic expansion and the derivation of the so-called effective boundary conditions.

We show the following

Theorem 4.35. Let Q C R" be a bounded, open set with CY' boundary, and fix a positive
function h € CYY(Ty,) such that h(z) = h(o(x)), and let . be the stretching diffemorphism
defined in Definition 4.37. Let us be the minimiser of E, (-, h), and let uy be the the minimiser
of Epo(-, h). If we let

ue(2) if z € Q,
ue(Ve(z)) ifz € Xy,

Ue(2) =

then the family . is equibounded in H'(Q1) and it converges weakly in H'(Q), as € goes to 0,
to the function
uo(z) if z € Q,

Bd(z)

uo(0(2)) (1 - 1+Bh<z)> if 2 € 91

to(z) =

Notice that the limit function g is indeed linear in the normal direction to the boundary of €.

Using Theorem 4.35, we then prove the following first-order development by I'-convergence.

Theorem 4.36. Let Q C R"™ be a bounded, open set with C*' boundary, and fir a positive
function h € CYY(Ty,) such that h(z) = h(o(z)). Then the functional

gp,e('v h) — gp,O(Uov h)

0Ep (- h) = 5

I'-converges, in the strong L2(R™) topology, as € — 0T, to
Hh(2+ Bh)

M, h) =4 Joa 2(1+ Bh)?

400 if v # ug,

ud dH™,if v = uo,

where H denotes the mean curvature of 0f).

In subsection 4.3.1, we compute the diffeomorphism . and study the limit equation in the
reference set ¥1. In subsection 4.3.2 we prove H?-energy estimates that will be crucial in the
proof of Theorem 4.35. In subsection 4.3.3 we prove Theorem 4.35 and Theorem 4.36



4.3. THIN INSULATING LAYER: FIRST-ORDER DEVELOPMENT 89

4.3.1 Preliminary computations

In this subsection, we construct the diffeomorphism W,.: ¥; — >, and, assuming that the family
of functions 7. = u. o U, converges weakly in H'!(31) to a function @, we compute the limiting
boundary value problem for the limit .

The stretching diffemorphism

Let Q be a bounded open set with C'! boundary. For every x € T'y,, we recall we have defined

w(x) = w(o(z))

to be the unit outer normal to dQ in o(z), and let h € C11(Ty,) be a positive function such that
h(z) = h(o(x)), so that h is constant along normal radii starting from 9Q2. We define

Ye:={2xeR"|0<d(x) <eh(x)}, Q. =QU ..

In particular, notice that, if €||hl/s < do, we can write

o € 09,
; (4.54)
0 <t<eh(o)

Ye = { J—i—tl/o(a)

and the representation x = o + t1g is unique and d € CH1(%,).
For simplicity’s sake, we will assume that ||h||cc < do so that we can assume the distance
function d to be regular on the set 3.

Definition 4.37. We define the stretching diffeomorphism . € C%(T'y,;Teq,) as the function
defined as

U, (2) = 0(2) + ed(2)vo(2)
= 2+ (e — 1)d(2)vo(2).
With this definition, we have that
DV.(2) = Do(2) + e[vo(2) @ vo(2) + d(2) Drg(2)]
= 1d,, +(c — D)[vo(2) ® vo(2) + d(z) Dro(2)],

where Id,, is the identity matrix. Moreover, W, is invertible with

U () = ofa) + 22
By direct computations, we have the following

Lemma 4.38. Let Q C R™ be a bounded, open set with C*' boundary, and fix a positive function
h € CY1(Ty,) such that h(z) = h(o(z)). Let g : R® — R be a positive Borel function. Then

[ sy =< [ (@) )d, (4.55)

with
"1+ ed(2)ki(o)
Jo(2) = l;[1 T+ (ko)

and o = o(z). In addition,

o

/ 9(€) dH"L(€) = / 9(=(0))JT(C) dH (), (4.56)
00



90 CHAPTER 4. THE POISSON PROBLEM

where JT is the tangential Jacobian of ., and it converges uniformly, as e — 0T, to

1 n—1 1
VSR 131 L+ h(Q)ki(o(C))

1
= e

Proof. Let z € Ty,, and let 7;(z) be the eigenvectors of D?d(z) = Duvy(z), with respective
eigenvectors k;(z), defined in Definition 2.17. We have that { 71(¢),...,7—1(0), (o) } is a basis
of eigenvectors for DW.(z), and, in particular,

D)) = (14 EL IR ) oy

1+ ed(z)k;(o)
1 4d(2)ki(0)

Jo (€)

7i(2),

and
DV, (2) v(z) = erp(2).

Therefore, (4.55) follows from the area formula.

On the other hand, notice that DW, converges uniformly, as e — 0%, to Do, so that J? ¥,
converges to J?" . Therefore, we apply the area formula on surfaces (Theorem 2.21) to get
(4.56), and it is left to compute the tangential Jacobian J%%¢.

Let ¢ € 094, and let 11 be the unit outer normal to 0. Recalling that Vd = 1y, the
definition of 1 ensures that

vo(¢) — VR(() '
V1+ [V

We aim to construct an orthonormal basis for the tangent space Ty0€; with a rotation of the
tangent space T (0f2. In the following, when possible, we will drop the dependence on (. Let us
define the rotation operator

vi(¢) =

R:R" —R"
as the unique linear operator having the following properties:
(i) if w € (VR)* Ny, then Rw = w;
(ii) Ry = vy,

(iii) Vh/|Vh| is mapped to a unit vector in the plane generated by Vh and vy, and orthogonal
to v, namely

RVh = ! (Vh +‘Vh|1/>
VA~ 1+ VAP \IVA °)

Explicitly, we can write R as

Vh Vh
R:Idn_y(]@l/o_w(gw‘f‘yl@”o

1 Vh Vh
< + |Vh|l/0>

+ ® =
V14 [VAZ\|Vh]| [Vh|
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This operator is a rotation in R™ that maps T, 02 onto T;9€2;, and, in particular, we define an
orthonormal basis 7; of 7,0 as follows: let 7; = 7;(0(¢)) be an orthonormal basis of 7,0,
and we define

_ R Id, + 1 1 Vh@Vh n Vh -1 y
Ts := Rty = n - Ts + —F/—=
g i vhE ) VAl TVl L+ VAP

In particular, since Do vy = 0, then

1 Vh Vh
DooR)rs=Do|ldp+| —— -1 ]| = ® —— |75
(Dao B) ( (ﬁ+w >|Vh| |Vh>

Hence, recalling the evaluation of the eigenvalues of Do given in Remark 2.18, we can easily
compute the determinant of the tangential gradient

n—1

-1
J‘mla(oz(H(Hh(c‘)ki(a(c))) 1+|Vh<<)|2> ,

=1

thus concluding the proof. d

The limit equation

For every 0 < € < 1 let u. € H'(X.) be a solution to
€ / Vu-Vodz+ 6 / usp dH™ 1 =0, (4.57)
e 00

for every p € H(X.) such that ¢ = 0 on Q. Then we have the following.

Proposition 4.39. Let Q C R" be a bounded, open set with C*' boundary, and fix a positive
function h € CYY(Ty,) such that h(z) = h(o(z)). Let us be a family of weak solution to (4.57),
and let Uc(z) = ue(Vo(2)). If e converges weakly in H'(X1) to a function @, then g is a
solution to

iy u z)dz u L .
/El(wo 0)(V - 10)do(2) dz + 5 o0, o(Q)e(c) 1+ |VA(Q)[?

for every p € HY(X1) such that o =0 on 0.
Proof. By definition, we have @. € H'(3;) and
Vel (z) = DY), (2) Viie(2)

dH"1(¢) = 0. (4.58)

(4.59)
1_ . 1+ d ) _
Let o € H'(31) with ¢ = 0 on 052, and let (pe(x) = (¥ 1(x)), then equation (4.57) yields

5/ Vu:V. dr + ,8/ Uspe dH™ L =
e 00

from which, using Lemma 4.38 and the computation (4.59), we have

1+ dk;
2
/21 [(VUE ) (V- 1p) +¢€ Z(l—l—edh) (Ve - 7)) (Ve - Tl]

ﬁ1+6dk
L1+ d,

(4.60)
+B/ e JT dH™ 1 =0,
o

Passing to the limit in (4.60), the assertion follows. O
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Remark 4.40 (Uniqueness). For every given Dirichlet boundary condition on 9, (4.58) admits
a unique solution. Indeed, let v1,v2 € H'(21) be two solutions to (4.58) such that v; = v on
09, and let w = v; — v9. By linearity, we have that w is a solution to (4.58) with w = 0 on 01,
so that we have

71:0’

]Vw . V0‘2J0 dz + ,3
31

Jo

2 n
W ——dH
001 1+ |Vh|?

and since Jg > 0, then Vw - vy = 0 a.e. on X.. Then, for L™a.e. z € X,

d(z)
w(z) =w(o(z)) + /0 Vw(o(z) + twy) - vpdt =0,

that is w = 0 and v1 = v9.

Remark 4.41 (Limit computation). We point out that it is possible to explicitly compute the
solution g to (4.58) in terms of its values on 0N as

ii0(2) = io(0(2)) (1 - Hﬁdﬁ(hz))

We first inspect the regular case of Q of class C? to obtain the strong equation, and then we work

on the general case using only the weak equation (4.58).
Indeed, let

A(2) = Jo(2)ro(2) ® wo(2),

and notice that when € is smooth, then Jy is also smooth, as it can be seen as the determinant
of the smooth matrix-valued map

z€X1— Do+ 1y® .

Then, if 4 is a regular solution to (4.58), it is a solution to

div(A(z)Vig) =0 in Xy,
o1 (4.61)
ﬂ‘i‘ﬂﬁozo on 891
1512
Moreover, we have that
diV(J()I/()) =VJy-vp+ Jy Tr(Dl/o).

In particular, we can explicitly compute the derivative of Jy in direction 1y using the local

representation
n—1

1
Jo(z) =[] 1+ d(2)ki(o(2))’

i=1

and recalling that k; o o is constant along normal radii, so that, for every ¢ € 0y,

VJo(¢) - 10(¢) = —Jo(C) Tr(Dro(()).
Hence, div(Jovp) = 0, and
div(AVu) = JoV(Vu - ) - vp.

Therefore, equation (4.61) reduces to

V(Vﬂo . 1/0) V) = 0 in 21,

N (4.62)
0o gy =0 on 09
aVO
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The previous computation suggests that solutions to (4.58) have to be linear with respect to the
normal direction. Indeed, since h is constant along the normal direction, it is sufficient to check
that, for every w € H'(X1), the function

a(2) —w(U(Z))<1 1fdﬁ(hz )>

is a solution to (4.62) in H'(¥1). Finally, we can show that the previous solution to (4.62) is the
solution to (4.58) also in the case in which Q is only C™!. By a change of variables and coarea
formula (see Remark 3.16) we can rewrite the integral on X; as

/ 2)Jo(z dz—/ / glo + twy) dt dH" (o)
31 o)

and the integral on 92 as

Jo(§)
oM 9() V14 |Vh|? d

Then, by direct computation, we have that
. Buw(o(z))
Vi -yy=——-->%
* T 14 8h(2)
so that, for every smooth function ¢ € H(¥1) with ¢ = 0 on 99,

Bw(o
oo 1+ Bh

HL(E) = / 4(0 + h(o)wo) dH (o).
o0

o)
[ i) voh ) s = - [ 4ot o i

h(o)
- f_f(;h /0 (o + h(o)wo) dH™!

=-p iio(o + h(o)vp) (o + k(o)) dH™ 1
00

Jo(¢)

=8| a0(Q)p(() s dH" ()
o 14+ [Vh(Q)?
and 4 is in fact a solution to (4.58).
4.3.2 Energy estimates
Recall that the minimiser u. of £, (-, h) is the solution to
/VuEVgodﬂc +€/ Vu:V dm—{—ﬁ/ uspdH" ! = / fedz, (4.63)
Q . o0 Q

For every ¢ € H'(£.). In this section, we prove the following theorem.

Theorem 4.42. Let Q C R™ be a bounded, open set with C*' boundary, and fir a positive function
h € CY1(Ty,) and h(z) = h(o(x)). Then there exists positive constants e0($2), and C(S, h, 3, f)
such that if

€HhHCO,1 <eon (4.64)

and u. is the minimiser of £,<(-,h), then

/Q]D2u5|2 alaH—»s/Z | D?u.|? daH—ﬁ/aQ V% |2 dH" 1 < C. (4.65)
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Remark 4.43. We want to point out that the assumption h(z) = h(o(z)) is not necessary to
prove Theorem 4.42, but it makes the computations easier.

As observed in Remark 4.28, from Lemma 4.27 we have the following H' estimates

Corollary 4.44. Let Q C R” be a bounded, open set with C*' boundary, and fix a positive function
h € C%Y(Ty,) such that Vh - vy = 0. Then there exists a positive constant C' = C(Q, h, 3, f) such
that if ue € HY(Q) is the minimiser of E,(-, h), then

/Q]VuSIQdm—i—a/E |Vu5]2dac+6/m w2dH" < C, (4.66)

and

/ udr < C. (4.67)
Proof. For every n > 0, we can write

/!V%]de—i—s/ \Vu5|2dx+5/ u? dH" ! §5p75(0)+2/ fu. dx
Q e 0. Q

1
Sn/f%lx—i—/u?dw.
Q nJo

Using (4.38), for a suitable choice of 7, we get the result. O

To prove Theorem 4.42, we use a local argument similar to the approach in [16]: we focus
on small neighbourhoods V,, of points o9 € 0€2, and we construct a diffeomorphism ®,, that
flattens both 0 and 0€); on the flattened set ®(V,, N X.) we can compute energy estimates of
the new functions v, = u. o ®~1.

Flattening the boundaries

Here we aim to construct a flattening diffeomorphism that locally transforms 9 and 0€2. in
subsets of parallel planes. To do so, we have to represent locally 92 and 0f)..

Lemma 4.45 (Uniform local representation of 9Q and 9€..). Let Q C R™ be a bounded, open set
with CYY boundary, fir a positive function h € C%Y(Ty,) such that Vh-vy =0, and let oo € ON.
There exists g = 0(2, 09) such that, if

EHh”C«o,l < €0,

then there exist an open set V' containing oy and oo + eh(oo)vg(oo), and there exist functions
g, ko: R" 1 = R such that, up to a rototranslation,

ANV ={ (2, 2y) | zn < g(a’) } NV,
Q.NV = { (@', ) ‘ rn < g(a) + eke(2) } nv,
and

NV ={ (2 zy) | zn = g(a’) } NV,
NV ={ (2, 2,) | 20 = g(a') + k() } NV,

Proof. Without loss of generality we can assume that 1vy(o¢) = e, and o9 = 0. We already know
by definition that €2 can be represented locally near 0, that is, there exist a neighbourhood U of
oo and a function g € CH1(R™™1) with g(0) = 0 and Vg(0) = 0, such that

QNU ={(2/,2,) ER" | 2, < g(a') } NT.
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For every r € (0,1) let
B.={a eR"|[2/|<r},

and V, = B x [—2r,2r]. For every 2/ € B, let
Fy:te (g(2)),2r] — d(2',t) — eh(a', 1),
where we recall that d(z) denotes the distance from €. Let us also recall that
.= \0={zeR"|0<d(z) <ch(z)}.

The definition of F,s gives us the possibility to characterise the property (2/,t) € . in the
equivalent way Fy/(t) < 0. As an immediate consequence, F,/(g(z’)) < 0 for every z’ € B,.

The idea of the proof can be divided in two main steps: first we show that for a right choice
of g9 the set 9. cannot touch the upper base of the cylinder V;. by proving F,/(2r) > 0 for every
x' € BJ; next, we show that for a right choice of g9 we have that 9. can be represented as a
graph over the whole B/. by showing that F,s is strictly increasing in ¢ for every a’ € B,

Let us choose r = (09, 2) small enough so that we have V. C U and, thanks to the continuity

of vy in Iy,
1
9
for every x € V, NT'g,. Note in addition that up to choosing a smaller » we can assume the
vertical distance between 02 and the upper base of V,. is greater than r, namely

vo(x) —en| < (4.68)

o — N> 4.69
r ;peaég(fv)w“ (4.69)

Indeed, since Vg is continuous and Vg(0) = 0, then for small enough r we also have, for every
z' € BY,
IVg(a')] <1,

which joint with the fact that g(0) = 0, ensures (4.69).

Let 2’ € B, fix t € (g(2'),2r], and let © = (2/,t). We claim that under the assumption (4.68),
we have
t—g(a')
—
Indeed, let Z denote the point at distance d(Z) = t — g(2") whose projection onto Q is (', g(z')),
namely

d(z) > (4.70)

7 = (@, 9(a)) + (t — g )wo(a/, 9(a)).
We have
t—g(z')
2 M

and, using the fact that the distance d is Lipschitzian with constant 1,

|z =7 = (t — g(2")) len — 10(a’, g())| <

d(z) > d(T) — |d(z) — d(7)]

t_ /
> d(7) - |z — 7| > g(‘r)
We now join (4.70), (4.69), and ¢||h||ec < €0 to get that for eg < r/2

2r — g(a’)

Fy(2r) > — 0> 0, (4.71)

which concludes the first step.
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We now prove that F,/(t) is monotone increasing in t. Indeed, by the assumption (4.68), we
have that

1
vo(x) - ep > 5
e v
[Vh(z) - en] = [Vh(z) - (en = vo(@))] < 7=,
so that, since r < 1 and g9 < r/2, we have ¢||Vh|o < 1/2, which ensures
d , , 1
an/(t) =vp(a',t) - e, —eVh(z',t) - e, > T (4.72)

Joining (4.71) and (4.72), we get that for every 2/ € B, there exists a unique t(z') € (g(z'), 2r)
such that (2/,t) € Q. NV, if and only if ¢ < ¢(2’), thus concluding the proof. O

Thanks to Lemma 4.45, we can now represent both 92 and 0¢). as graphs, uniformly in ¢,
and flatten the boundaries of 2 and €2.. We define the invertible map

. In — g(x’) >
q)UO . (ZL‘/,.'L'n) € V — <Jf,, k%(:j;’)) € V,

where V = &, (V). For simplicity’s sake, when possible, we will drop the explicit dependence on
the point oy € 0€2. Notice that the map ® indeed flattens the boundaries of Q and ()., in the
sense that

POANV)={y,=0}NV,

and

PO NV)={y,=c}NV.
For every 6 > 0 we define the cube
Qs ={y eR" | |y;| <0, for every 1 <i<n}.

Up to choosing a smaller neighborhood V' of ¢, we may assume that

V=o(V) = Qs
for some 0y = dp(09,2) > 0. For every 0 < § < g we define

Qs = ©71(Qs)-
Remark 4.46 (Estimates for k., ®, and ®~!). We claim that there exists a positive constant
C = C(Q,]||h]|c1.1) such that

mink > 2, Iellcns + N@llcrs + 2~ o < C. (173)

Notice that, since Q C Q. for every € > 0, then k. is non-negative. Moreover, for every
r=(2,z,) €0Q:NV
gk-(2') > d(x,09Q) > eminh,
T4,
so that k. is strictly bounded from below uniformly in e. Similarly, k. is bounded in C*! norm
uniformly in ¢, indeed for every = € 9Q. NV, we can write z = (2/, g(z') + ek-(2')), and we have
that
d(z,00:) = 0.

Differentiating with respect to 2’ we get

Vi+v:-e,(Vg+eVk:) =0, (4.74)
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where v/ € R"™! is the vector whose components are the first n — 1 components of v.. Using the

fact that
vy — eVh

Ve = —F/—m—m—77—7——)
V14 e2|Vh|?

and that in V

y Vg 1

(e ) )
V1I+[ Vgl V14 [VgP

we can rewrite equation (4.74) as

(Vh) + (Vh- en)Vg'

Vke = 4.75
‘ (vp —eVh) - e, (475)
Finally, the choice of € in Lemma 4.45 (see (4.72)) ensures us that
1
(vo —eVh) - ey > 7 (4.76)

so that from equation (4.75) and (4.76), (4.73) follows.

Remark 4.47 (The equation in the flattened set). Let u. be the solution to (4.63), fix o9 € 09,
and let

then
ueﬂl({yn<a}mV)mH§C(({yn<s}mV)\{ynZO})

and, for all ¢ € H&(f/), v solves the equation

n Aa . B n—1 — Ns 7 '
/{yn<8}ﬂ\7€<y YAV - Vi dy + 5/{%:5}0\"/ vpd. dH /{yn<0}mf/ feody (4.77)
where
() = e ify, >0,
U it <o,
As(y) = k=(y)(D(@ () (D@ ()T, J=(y) = (@71 () ke(y),

and

J-(y) = V1+|Vg(y) +eVEk(y)[%

Notice that A. is elliptic and bounded, uniformly in y and €. Moreover, using (4.66) in Corol-
lary 4.44, we also get that there exists a positive constant C = C(Q, h, 3, f,00) such that

/ _e(yn)| Vo dy + 8 vdHM L C (4.78)
{yn<e}nV {yn=e}nNV

H? uniform estimates

Since we aim to prove H? estimates with a local approach, we define the energy quantities Is and
Is as follows: given a function

goEHl({yn<s}ﬂV)ﬂH2(({yn<s}ﬂf/)\{yn:0})

and 0 < § < &g, we denote by

Ty () = /  e(yn)| D2 dy + Vil dH (4.79)
{yn<5 }mQé {yn:‘f}mQé
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where

0
V19 = Vo — a—@en,
Yn
and, as in Remark 4.47,
if t > 0,
) =4
1 ift<0.

Analogously in €2, for every
e € H'(Q:NV) N H*((2:NV)\09),

we let
Ty () = / £(d(2))| D2l du + B / V9% o[ g3, (4.80)
Q:NQs NNQs

where we recall that
V*p = Vo — (V- ve)re.

When possible, we will drop the dependence on oy. Uniform bounds for I5 can be read as uniform
bounds for I and vice versa. Indeed, we have the following

Lemma 4.48. Let Q C R"™ be a bounded, open set with CY' boundary, fix a positive function
h € CY1(Ty,) such that ||h||conr < o and h(x) = h(o(x)). Then, for every oo € 09, there exists
a positive constant C' = C(€Q, ||h||c1.1,00) such that if

u € H' (Qs) N H*(Qs \ 69),

and

then, for every 0 < 6 < o,

Is(u) < C’(L;(v) +/{ o e(yn)|Vv|? dy), (4.81)
Yn<e}NQs

and

Is(v) < C<Ig(u) —1—/9 o e(d(z))|Vul? dm). (4.82)

Proof. We start by evaluating the trace term in the definition of I5. By means of the change of
variables y = ®(x), we have

/ V1w dHT Z / (V- w;)? J?%= & dH" L (z), (4.83)
{yn=e}nQs BQEQV

where
w; = €; + (0,9 + €0ik:) e,
The vectors w; (that, in general, could be non-orthogonal) form a basis for the tangent plane

T5,082. In particular, we have that there exists a positive constant C = C(€2, h, 0¢) such that

n—1
V%2 < O (Vu-w;)? < C2VP=u?, (4.84)
i=1
Therefore, using the uniform bounds (4.73) we get that for some positive constant C' = C(, h)
1

1
— < J%p = <C, 4.85
c - V1+|Vg+eVk2 ™ (4.85)
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and joining (4.83), (4.84), and (4.85), we get

/ |V 2 gy < c/ VaoPdH T < 02/ |V o2 dH™ L. (4.86)
0:NQs Yn=€}NQs 90:NQs

For what concerns the second order term, we evaluate for a.e. y € {y, <e} N f/7

N Z”: (PN, u (P,

Z ayzay] 8a:k Oyi Oxpdx; 0Oy;

k=1

so that, for some positive constant C = C(n, [|®{|c1.1),
\D2v(<1>(alc))|2 < C(]Vu(x)\z + \Dzu(:v)|2). (4.87)

Similarly we have that, for a.e. z € . NV, and for some positive constant C = C(n, ||®||c1,1),
D2u(@1(y)) [ < C(IVu(y)l? + |Do(y) ). (488)

Using (4.87) and the uniform bounds on k., we get

I e A LRI

Q:NQ
’ (4.89)
< 0/ (D%l + [Vuf2) dH ().
EmQé

Analogously, using (4.88),

/ e(d(z))|D*uf? dx < C  e(yn) (ID%0]? + |V0f2) dH (4.90)
Q2:NQs {yn<€}mQ5

The result now follows by joining (4.86), (4.90), and (4.89). O

Lemma 4.49. Let Q C R" be a bounded, open set with C*' boundary, fix a positive function
h € CYY(Ty,) such that ||h||con < e and h(x) = h(o(x)). If o9 € R, and v is as in Remark 4.47,
then

UEHQ({yn<€}ﬂ©50/2\{yn20}>7

and there exists a positive constant C' = C(, ||hl|lc1.1, B, f,00) such that

Is,j2(v) < C. (4.91)

Proof. Let € € C2°(Qs,) be a non-negative function with £ = 1 in Q(go/g. For |n| small enough,
we have

supp € + ne; CC Qs
for every k = 1,...,n — 1. In the following, for any L? function 1, we denote by

U(@ +nex) — ¥(x)

Ajp(z) = "

the difference quotients (see for instance [39, §5.8.2]). We recall that for any couple of functions
11 and Y9 we have

A (192)(x) = A1 (x)a(z) + 1 (2 + nex) Afa(z),
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and if ¥ and 19 are measurable and

(supp ¥1 Nsupp o) £ ey, CC Qs,

then for every k =1,...,n— 1, it holds

i) A (y)dy = — [ A"(y) P2(y) dy. (4.92)
Qs Qs
Moreover, we recall that if v € H!({y, < e} N Q60)7 then for every U CC Q(;O we have that
[@wray< [ 1vepa, (4.93)
U Qs

for every |n| < d(U,dQs,). We aim to prove some uniform L? estimates for A (Vv), which will
imply weak differentiability and uniform L? estimates for 0, Vo.
Given the equation (4.77), we use it as a test function

o =—A"(EA).

For small |n|, the function ¢ is admissible. Here, we recall the weak equation

/ e(yn)AVv - Vo dy+ﬂ/ v dH" T = / fepdy.
{yn<e}nV ) {yn=c}nV {yn<0}NV

~
1 o) 3

We now estimate the integrals separately. In the following, we use the Einstein notation on
repeated indices, where 4,7 = 1,...,n, and for simplicity we drop the dependence on ¢ in A,
whose components are denoted by a;;. We recall that a;; = a;;(y) and J. = Jc(y). When
necessary, we will also write a;; := a;;(y +ney) and JZ' := J.(y + nex).

Let us start with the higher-order term Z7: by direct computation, we get
AVv - Vo = —a;; ;v A" 0;(62 A7)
= —ai; 00 [A7(0,(6%) Afw) + AT(EA](Ow))]

Multiplying by €(y, ), integrating over {y, < e} N Q(;O, and using property (4.92), we get (notice
that £(yy) is constant along the direction ey,)

T :/  e(yn) A (aij O5v) 0:(£2) AJv dy
{yn<5}mQ§0

+/  e(yn) A (a;;05v) € A (9v) dy

{yn<5}mQ60

(4.94)

_ /  e(ya)€ al, ANDy0) AND0) dy + Ry
{yn<5}mQ60

n

> ¢ / )€ Y (AT@0))  dy — |Ril,
{yn<5}mQ60

j=1

where C] is the ellipticity constant of A estimated uniformly in Remark 4.47, and

Ry = 2/ ~ e(yn) (AZ(aij)ajv + a?j AZ((%-U)) £0i¢ Alvdy
{yn<5}mQ60

4 / () Alay) 050 €2 A(B;0) dy.
{yn<5}mQ50
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Using Young’s inequality

ab 2@ +2Ab a,b 0,

with a suitable choice of A > 0, and using the uniform bounds on ||£||c1 and [|A:||c1 (see
Remark 4.47 and Remark 4.46), we may obtain a positive constant C' = C(A, &) such that the
following estimate holds

n

C
RIS [ e Y (A0 dy
{yn<5}mQ60

J=1

e / el | (AT + 30,002 | dy.
{yn<€}ﬂsupp£ ]:1
This estimate, joint with (4.94), implies
C - 2
LG @Y @A) - [ e VoPdy (495)
{yn<5}mQ60 j=1 {yn<5}nQ50

Similarly, let us work with the boundary terms Zs, where we have
vod. = —vJ. AL (EAN).

Since k # n, we can use an analogous of property (4.92) also on {y, =¢} N Q(;O, so that

I, =5 - EA] (v AN dH
{yn=¢1}NQs,

_y A EX(AJ)2 T dH" ™ + Ry (4.96)
n—" O

260, [ @Rt - R,
{yn=¢}NQs,
where Cy = infg; J. uniformly estimated in Remark 4.47, and

Ry =8 EAN(T)vA v dH !
{ynzg }mQ50

As done for 7;, using Young’s inequality and the uniform bounds on ||J.||c1 (see Remark 4.47
and Remark 4.46), we have that for some positive constant C' = C(J;, &),

C
Ryl < BC2 / E(Aly)2aHmt 4 OB Codn!
2 {yn=¢ }mQ(SO {yn=¢ }szsO
This estimate, joint with (4.96) ensures
Iy > o / - E(A)PaH T - B C vrdHTh (4.97)
2 {yn=¢ }deo {yn=¢ }QQSO

Finally, we estimate the source term Zg, recalling that

fep = —f0.(E2AT).
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Using Young’s inequality and property (4.93) for ¢ = §2AZU (notice that VAJv = AJ(Vwv)), then
for a suitable positive constant C' = C(f, &, do),

n

C
Iy < =L & Z(Azajv)2 dy
{yn<0}NQs, j=1

+C - fldy+cC Vol dy
{yn<0 }ﬂQéo {yn<0}mQ60
(4.98)

n

C
< ey)E Y (Ao)* dy
{yn<e}NQs, j=1

+C/ i ff dy + C i E(yn)|Vv|2 dy.
{yn<0 }mQéo {yn<e }mQéo

We can now turn back to the equation
i +Io =13

Joining (4.95), (4.97), (4.98), and using the fact that { = 1in Q(;O/g, then, forevery k = 1,...,n—1,

C n
=  elyn) Y (AL00) dy
{yn<e }QQJO/Z j=1

+ M/ i (AZU)Q dan—l
2 Jyn=e3nQsy 2

< c( / ()| Vol dy
{yn<e}NQs,

+ 5 ) deH”_l—l—/ ) ffdy)
{yn=¢ }mQéo {yn<0 }mQéo

Since we have assumed the uniform H' estimates (4.66), and we have uniform estimates for f.,
computed in Remark 4.47, we get that for some positive constant C' = C(dp, €2, )

14:

(4.99)

I4§C7

which implies that for every k =1,...,n — 1, we have dyv € H' ({y, < e} N Q60/2) and

/ elyn) D_(Brdjv)*dy < C(/ ey Vol dy
{yn<e }mQéo/Q {yn<e }mQéo

J=1

+ B ~ deH"—1+/ ~ fgdy)
{yn=¢ }mQéo {yn<0 }mQéo

It only remains to get a uniform estimate for 92,,v. We notice that since v solves (4.77), then
almost everywhere we have

- Z S(yn)ai(aijajv) - €(yn)anannanv - g(yn)anna?znv = fX{yn<0}'
1<i,j<n
(4,5)#(n,n)
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In particular, the fact that an, = ke is uniformly bounded from below gives estimates for 02,v in
terms of A., f, and the other derivatives of v. Therefore, so that, for every 0 < d < dy, we can
find a positive constant C' = C(, h, f) such that

n—1
[ el < c( [ A) S

{yn<5 }mQS {yn<5 }mQé k=1

(4.100)
—i—/ ey |V dH T + 1).
{yn<e }NQs
Finally, (4.99), joint with (4.100) and the bound (4.78), gives (4.91).

O

Remark 4.50. Let oy € 0, by the previous lemma we have that u, € H? (Qs,/2\09). Moreover,
putting together estimates (4.81) and (4.82) and the bounds on the first derivative ((4.66) and
(4.78)), we have

Is(us) < C(1+ I5(ve)) < C*(1 + Is(ue)). (4.101)

We can finally prove Theorem 4.42.

Proof of Theorem 4.42. We recall that we have defined I5, and Is, in (4.79) and (4.80) respec-
tively. For every op € 91, using (4.91) from Lemma 4.49, and (4.101) from Remark 4.50, we
have that there exists a constant C' = C(£2, h, 09, dg) such that

Ty, 200 (1) < C. (4.102)

From the boundedness of 2 there exist o1,...,0,, € 0 and associated 6; = §(o;,2) for which
estimates of the type (4.102) hold and such that, choosing €y = min{eg(c1),...,c0(om)} > 0, we

have
m

2. c |2, Qs 2) = Vo
=1

Let U be an open set such that U € Q and Q. C U UV, for every ¢ such that ||hl|co1 < go.
Also in U we may get an estimate analogous to (4.102). Indeed, by standard elliptic regularity
and by estimate (4.67), we have that

/|D2u€|2dx < C</ f2 dm+/u§> <C. (4.103)
U Q Q

I(ua) - /Q‘D2ug‘2dx+5/z ‘D2u€‘2d$+5/ém ’vaﬂsu5’2d7'[n_l7

Let

summing from ¢ = 1 to m the estimates of the type (4.102) and (4.103), we have that there exists
C = C(Q,h, f) such that
I(u:) < C,

and the assertion is proven. O
For every x € I'g,, we denote by
V%, () = Vue(z) — (Vue(z) - vo(x))vo(z),

and we have the following.
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Corollary 4.51. There exists a positive constant C = C (S, h, 3, f) such that

/ |V, |2 dx < eC.
e

Proof. We start by proving that on 0€).
(V% 2 > (1 — &)V, |2. (4.104)

Indeed, for every £ € 0f), if |[Vh(£)| = 0, then vy = v, and the inequality is trivially true; on the
other hand, if [Vh(£)| # 0 we have that

|V8Q5u€|2 = |Vu5]2 - |Vue - Vs|27
and for every n > 0

1
(14 1)|Vue - vo)? + (1 + n>€2|Vu€ - Vh|?

Vue - ve]? <

Moreover Vh - vy = 0, so that
Ve - Vh|? = |[V®, - VA2 < (|Vu|* = |Vue - 19)?)| VA2
Therefore, for every n > 0

1 1
(1+n>62\Vh]2 1+n— <1+n>52wh12
Qe 2 > 1— 2 . 2
|v ’U‘E’ = 1+|Vh’2 |V’U‘5’ 1+|Vh’2 |vu€ l/0| )

finally, letting n = |Vh|?, we have
|v398u€|2 > (1- 52)(|VU5|2 — |V, - V0|2) =(1- 52)|V8Qu6|2'
Then, by Theorem 4.42 and (4.104), we have that
g/ \D2u5]2dx+5/ IV 2 dH" L < C. (4.105)
e Qe
For = € 3. denote by
&(z) = o(x) + eh(z)vo(z) € 09,
so that for L™-a.e. = € 3., we have that

ch(x) d

0 — % (£(2) —
Vhu(e) = VPute) - [

Hence,

eh(x)
V2%, |(2)?2 < C(h) (|vé’“ua|2<s<x>> e /0 D%, (o (@) + two(x)) dt>7
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and integrating over Y., using (3.45) and (3.46), and (4.105), we get

eh(o)
V2 () dz < C / / V% [2(0 + eh(o)vo) ds dH" (o) +
Se o0 J0

eh(o) peh(o)
+ Ce/ / / |D?uc|?(o(2) + tvo(x)) dt ds dH™ (o)
o Jo 0

gc(/ |V89u5|2d%n1+8/ |D2u5]2da:)
0Qe 3

<eC.

4.3.3 First-order development

We can now prove Theorem 4.35

Proof of Theorem 4.35. We recall that we are assuming without loss of generality ||h||oo < do, so
that d € C%'(X;). To prove the equiboundedness in H'(€);), we decompose Vi into its normal
part

(Vﬂg . 1/0) Vo,

and its tangential part
v*%4, == Vi, — (Vi - vo)vp.

Using Lemma 4.38, since J. and J] are equibounded, we can find a positive constant C' = C(Q, h)
such that

C

|V |? dz < / VO, |2 du, (4.106)

Dl € Ju.

/ |V - 1| dz ggc/ \Vu,|? d, (4.107)

21 25

and

/ aZdH" < C uZ dH™ L. (4.108)

o 00

Moreover, by the weak convergence of u. in H'(f2), u. are equibounded in L?(£2), while by the
minimality

/|Vu5|2dx+5/ yqude+ﬂ/ u? dH™ ! ggp,g(0)+2/ fue dx
Q < 00, Q

2 0 u2) da (4.109)
< [ty

<C

Joining the inequalities (4.106), (4.107), (4.108), and (4.109) with the energy estimates in
Corollary 4.51, we have that for some positive constant C'(2, h, )

Vi |* dz +5/ azdH" ! < C.
Q1 o



106 CHAPTER 4. THE POISSON PROBLEM

By Poincaré’s inequality with boundary term, we have that @. are equibounded in H'(Qy).
Therefore, up to a subsequence, . converges weakly in H'(£;) to some function g. In particular,
by the weak convergence in Hl(Q) of uz to ug, we have g = ug in 2. On the other hand, in X,
using Proposition 4.39, we get that g is a solution to (4.58), so that Remark 4.41 ensures that

iio(2) = iio(0(2)) (1 _ %).

Finally, since @ig € H'(Qy), then it cannot jump across 9, so that, since @y = ug in Q, we
necessarily have that @y(o(z)) = ug(c(2)) for a.e. z € ¥y, and the theorem is proved. O

Following the approach of Theorem 3.15 we can use Theorem 4.35 to prove Theorem 4.36

Proof of Theorem 4.36. We start by proving the I'-liminf inequality. Without loss of generality,
we can prove the inequality for the sequence of minimisers u.. Here we recall the definitions of
Epe and &y o, omitting the dependence on h.

£, (u) :/\Vua\de—i—a/ ]Vu5]2dw+,8/ W2 dHr! —2/ fu, dz, (4.110)
Q EE 8Q€ Q
& (u)/wu de:chB/ ug d?—[”_l—2/fu dx (4.111)
p,0{U0 o 0 o 1+ Bh o odx. .
Moreover, notice that, by minimality of ug,
Epelue) — Epolug) > |Vu5|2dac—|—/3/ u?dH™ ! ﬂ/ﬂ 1+Bh dH" L. (4.112)

Arguing exactly as in the proof of Theorem 3.15, we have

56y (uz) =2=12) = Epoluo) /a (1= A+ Bh)(1 + chH)u2(o + ehug) dH™ !

q eh(o)
1 1 h Hu(o+t) \° Bhud(0)\ ;om0 (4.113)
+/395h<<1_)\) (ue(a)—i— Wy dt> ~Tiah dH
— QeR(e,ue)

where, if € is small enough,

eh(o
R(e,us) = 5/ / |Vue(o + tvo) |2 dH L + 5/ ue (0 + eh(o)g(0))? dH™ 1
o Jo onN

SC/fugd:L‘<C’.
Q

Letting A = A(0) = 1+ Bh(c) in (4.113), and using the inequality (a + b)? > a? + 2ab, joint with
the fact that 1 — A~ > 0,

BHue(o) /Eh(") ue (o + twy) 1

0Ep e (ug) > _ ——————dtdH""" 4+ O(e).

p,s( 5) = 59 5(1+ﬁh) 0 /1+tH ( )

Moreover, for every t € (0,¢||hs) We have that (14 tH)~'/2 =1+ O(e), so that

(o)
Hue(o) / (o + two) dt dH1 + O(c). (4.114)

W2 oo T4 )
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Finally, by Theorem 4.35 we get
_ o L2(Z) .
e —— U,

so that ho) ho)
ag 2 g
/ e (0 + trp) dt RGN / Uo(o + trp) dt.
0 0

Indeed, by (3.45),

h(o) ?
/ (/ (e (0 + tvg) — oo + ty)) dt) dH" ' < C | (G — 1) dz.
o0N 0

31
Therefore, passing to the limit in (4.114), and using the explicit expression of g, we get

hH(2 + ph) ,

liminf 0&, - (us) > ud(o) dH" 1,

e—0+ oo 2(1+ Bh)?
and the I'-liminf is proved.

We now prove the I'-limsup inequality.
Let
uo(x) if x € Q,

o) = unloa) (1= 30

0 if x € R"\ Q,

) if x € 3¢,

where we recall that Vh-vg = 0. We have that . € H'(Q) and ¢. converges in L?(R"), to ugxq.
Since ¢z = up in €, then by definition of the functionals (4.110), and (4.111), we can write

2
Epelpe) — Epolug) = 5/ |Vpe|? da + 5/ e2dH" ' -3 _ M0 gyyn-t, (4.115)
5. o0, oq 1+ Bh

Computing the gradient of ¢., for any x € 3,

|V§05|2(CC) < BQU%(U(Q:))

< m + C(|VUO(U($))|2 + u%(a(x)))7

where C' = C(h, 8). Hence, by (3.43), and noticing that o + tvy € Ty, implies d(o + tvy(0)) = t,
we get

2 572 ml’ 3 uplo\x 2 ugaac X
[ pear < [0 dr a0 [ (Vulo@)f (o)) d

(4.116)
2(a)h ehH
<32 ug(o) <1 ) dH1 1 O(£2).
=P /39(14‘/3}1)2 T +OE)
On the other hand, for every o € 99,
el + eh(oyn(a)) = 27
1+ Bh(o)
from which we get
5/ Q2dH" < ma +ehH)dH" ™ + O(£?). (4.117)
09, = Jaa (1+Bh)?
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Finally, joining (4.115), (4.116), (4.117), we have

— 2
0&pe(pe) = 5p75(ui 90 < /a . (UO(U)M; @h + 1) dH"™ + O(e)

1+ Sh
hH (2 + Sh) 2 1
= _— dH" " 4+ O(e
B o 2011 L) 0(0) ()
so that WH(2 4 5
+
lim sup d&. <p ——Juj(o) dH" !
es0+ pelve) oo 2(1+ Bh)? o)
and the I'-limsup inequality is proved. O

As in subsection 4.2.2, in the following we will explicitly write the dependence on h of the
solution to the limit Poisson problem (4.37), that is, we will write uj in place of ug. Let

Gpe(h) = Epo(up, h) + &M (up, )

/fuhdm+ﬂ/m hHli;fh ul (o) dH" L.

We are interested in the problem

Jinf G (h). (4.118)

In particular, we are interested in the existence of a solution and, in analogy to Theorem 3.24
(and Remark 3.25), how such a solution depends on the mean curvature H. Up until now,
however, the problem remains open as the approximated energy G, . does not appear to be lower
semicontinuous with respect to the convergence in H,, (see Definition 4.30).



Chapter 5

The Spectral Problem

In this chapter, we will study the optimisation problem of finding the configuration of insulating
material surrounding a conductor, which maintains the temperature the longest. As discussed in
subsection 1.2.3, this type of problem can be related to the eigenvalue problem

—Auy = )\ﬁ(A)UA in Q,
—kAug = Ag(A)ua in A\Q,

oy = kdyuly on 0f2,

(kOyua + Bua =0 on JA,

where, as usual, 2 represent the conductor and A the insulated body. Then the best configuration
of insulating material is the one that minimises the energy

Es(A) = Xg1(A) + CoL" (A \ ﬁ),
or, more generally,
Es(A) = F(Ng1(A), ..., Ag;(A)) + CoL" (A \ ﬁ),

for some j € N, and function F: R/ — R. In the one-phase setting, the optimisation of the
Robin eigenvalues under volume constraint is well studied (see, for instance, [15, 33, 19, 20, 24|
for the minimisation of the principal eigenvalue and [48, 21, 56] for the minimisation of higher
eigenvalues). However, to our knowledge, no existence result is known in the two-phase setting.
In the following, we will study the problem in the thin layer limit.

5.1 Asymptotic analysis

As in the previous chapters, let Q C R™ be a smooth, bounded, open set, and let h: 92 — R be
a positive smooth function. Denoting by vy the exterior unit normal to the boundary of €, for
every € > 0 sufficiently small, we define

Ye={o+tw(o)|c i, 0<t<ch(o)}

and we denote by . = QU X.. Moreover, we will assume k = ¢.

Let
0< )\a,l(h) S )\E,Z(h) S T S Aa,j(h)

IA
!
g

109
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denote the spectrum of the eigenvalue problem

—Au=\u in €,
—eAu = Au in X,
(5.1)
Oy~ = €0y,u™  on 09,
edyu+ Pu=0 on 0f).,
and let
0<Ai(h) <Ag(h) <o < Nj(h) < = 00
denote the one of the eigenvalue problem
—Au = \u in €,
(5.2)
Opot + 1+/Bhu:0 on 0€.

In the following, we will discuss the convergence of X. ;(h) to Aj(h). Namely, in subsection 5.1.1
we will deal with the convergence of the eigenvalues, in subsection 5.1.2 we will discuss the
optimisation of related energies, and, finally, in subsection 5.1.3, we will prove a first-order
asymptotic estimate for the principal eigenvalue.

5.1.1 The limit eigenvalue problem

The convergence of the principal eigenvalue for this type of elliptic operators, in the case of the
Dirichlet boundary condition, was studied in [42]. The case of the Robin boundary condition has
been recently studied in [38]. In [30], we proved the convergence of the full spectrum using the
abstract framework of [47].

Theorem 5.1 ( Lemma 1 and Theorem 2 in [47] ). Let H., Hy be separable Hilbert spaces with
scalar products (-,)e, (+,-)o and norms || - ||, || - |lo respectively. Consider A. : H. — H. and
Ao : Hy — Hy continuous linear operators such that for all w € Hy Ag, v € V, where V is a
linear subspace of Hy. Assume the following:

H1. There exist continuous linear operators R, : Hy — H. such that for any f € V we have

hm (R€f7 REf)E — (f7 f)07
e—07t
H2. The operators A, Ay are positive, compact, and self-adjoint in H. and Ho respectively.
Moreover
sup || Aell g(a.) < 0.
15

HS3. For any f € V we have
lim ||[A:R.f — R:Aoflle = 0.
e—0t

Hj. The family of operators Ac is uniformly compact in the following sense. Any sequence
fe € He for which sup, || f¢]|c < oo contains a subsequence f., such that for some wy € V,

lim || A, fe, — Re, wolle, = 0.
k—+o00

Consider iz 1 > fle2 > -+ > fej > ... and jip1 > fo2 > ...[o, = ... respectively the
sequence of eigenvalues of A. and Ay, where each eigenvalue is counted with multiplicity. Let
{uc,;} be an orthonormal basis of eigenvectors for A..

Then the following properties hold:
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o For every j € N,
lim He,j = H0,5- (53)

e—0t

o There exist €, a vanishing sequence and {u;} an orthonormal basis of eigenvector of Ao
such that
i e — Reyugll, = 0. (5.4)

o Assume that p is an eigenvalue of multiplicity | for Ag such that

U= pHo,j = Ho,j+1 = =+ = HO,j+-
Then for allv such that Agv = pwv, there exists a family ve such that v. € span{ue j, ..., ues j41}
and
lim |lve — Rev|lc = 0. (5.5)
e—0t

Proposition 5.2. Let {\. ;j} and {)\;} denote the sequences of eigenvalues of problems (5.1) and
(5.2) respectively, counted with multiplicity. Let {uc j} be an orthonormal basis of eigenfunctions
associated with problem (5.1). Then the following properties hold:
o For every j € N,
51_1>151+ )\57]‘ = /\j. (5.6)

o There exist €, a vanishing sequence and {uj} an orthonormal basis of eigenfunctions
associated with problem (5.2) such that

i lue, g = ugllzae) =0, Hm Jlue,jllz2s.,) = 0. (5.7)

o Assume that X is an eigenvalue of multiplicity | for problem (5.2) such that

)\:)\j :)\jJrl = "':>‘j+l'
Then for all w such that w is an eigenfunction associated to A for (5.2), there exists a family
we such that we € span{ue j, ..., usjq1} and
lim ||we —w =0, lim ||w =0, 5.8
tim e~ wll gy =0, Tim lwlgas.y 69

Proof. For every € > 0 and f € L*(.), let u. s be the solution to the Poisson problem
K—Aus,f =f in Q,
—cAue p = f in X,

Ovoug ;= af)you;f on 012,

Opue,f + Pu.p =0 on I,

and let
To: f € L*(Q:) = ue p € L*()

be the resolvent operator. Analogously, for every f € L?(€2) let u # be the solution to the Poisson
problem
—Auy = f in Q,
3 (5.10)

&,Ouf + mﬂf =0 on 89
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and let
To: f € L*(Q) = uy € L*(Q)

be the resolvent operator. It is well known that the operators 7; and 7 are linear, continuous,
compact, and self-adjoint. Moreover, their eigenvalues are given by the reciprocal of the eigenvalues
Ae,j and A; respectively. Then it is enough to prove that 7. and 7q satisfy assumptions H1-Hj.

To prove assumption H1, we just need to define the extension operators R.. In this case, we
will see that, for every f € L?(f2), it is enough to define

f in Q,
Ref:
0 in ..

Then assumption H/ is the L? convergence of Ug,r to uy when f is concentrated in €2, which, as

discussed in Remark 4.28, is a consequence of the I'-convergence result of Theorem 4.26.
To prove assumption H2, recall the uniform Poincaré inequality (see Lemma 4.27)

/ v2d:c§0[/Vv]2da:+5/ |Vv|2dx+ﬁ/ vzd?-l"_l],
B Q e Qe

for every v € H'(Q.). Then

/ Ug,fdl‘ < C[/’vus,f|2d$+5/ \Vu&f]de—k,B/ ug’denl]
Q. Q e 89,

:C/ Jue fdz,
Qe

where we used the fact that u. s is the solution to the Poisson problem (5.9). Then we can use
Young’s inequality and standard arguments to have

/ ug’fdxg 02/ f*dr, (5.11)
Qe Qe

which is exactly H2. Notice that in addition, this also implies that,

e fll 1) < O'Nl fll2 ) (5.12)

Finally, to prove Hf, let f- € L?(€.) such that

sup|| fellL2(q.) < +oo.
I3
Then, by (5.12), we have that u. s are equibounded in H'(Q), so that, up to a subsequence,
there exists a function w € H'({2), such that u. s, converges to w in L*(2). We want to prove

that [|uc r.[|12(s.) goes to zero. To prove that, recall that, by the geometry of the problem (see
Lemma 4.27), there exists a constant C' > 0 such that, for every v € H*(£)

/ v? dx 350[5/ Vo2 dz + v? d?—[”_l].
B X 00

Then applying the previous inequality to u. r., and using equation (5.9) and the estimate (5.11),

we have
/ uifs dz < z-:C'/Q f2dx,

which proves the assumption. O
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We want to compare the previous result with some more known notions of convergence
in perturbation theory (we refer to [62, section 9.3] for the definitions and to [34] for some
applications to boundary value problems)

Definition 5.3. Let { . }, 0 open subsets of R” and identify the spaces L?(£), L?(2) with
the subspaces of L?(R™) of functions that are zero outside of Q; and € respectively. Let P
and Py are the functions P, f = fxo, and Pyf = xq, respectively. Let By and By linear (not
necessary bounded), self-adjoint operators on L?(£);,) and L?(€p). We will say that

e B, converges to By in the generalised strong resolvent sense if, for some zg € |J,. p(Br)Np(Bo)
in the intersection of the resolvent sets, and for every f € L2(R")

(B, — 20) " Pif — (Bo — 20) ' Pof,
in L2(R"),

e By, converges to By in the generalised norm resolvent sense if, for some 2o € |J,, p(Bi) N p(Bo)
in the intersection of the resolvent sets,

(Bk — 20) ' Pe — (Bo — 20) " P,
in the operator norm.

While, in general, the strong resolvent convergence does not imply the convergence of the
eigenvalues to the corresponding eigenvalues of the limit problem, properties like (5.6) are true
for norm resolvent convergence. If we denote by B, and By the elliptic operators associated with
the boundary value problems (5.9) and (5.10), respectively, it is clear that B converges to By in
the generalised strong resolvent sense, while it does not appear to converge in the generalised
norm resolvent one, hence the convergence in Proposition 5.2 is stronger than the generalised
strong resolvent convergence and weaker then the generalise norm resolvent one.

5.1.2 Optimisation of spectral energies

We now turn our attention to the Optimisation problems of the type

min FOu(h),... A (h)). (5.13)

where we recall that
/ hdH"™" <m
Hy =< he LH00) | Joo
h>0
We start with the optimisation of the principal eigenvalue A;(h) in [38].

Theorem 5.4. For every m > 0, the optimisation problem

Am = min A1(h) (5.14)

h€Hm

admits a solution hy,. Moreover, hy, saturates the integral constraint, that is

/ B dH 1 = m,
o0

|Um(a)| _ l if |um(0')| > Cm,

hm(o) =4 cmB B

0 otherwise,

and can be written as




114 CHAPTER 5. THE SPECTRAL PROBLEM

where ¢, 1s the unique constant which satisfies

1
—HPHOQN {Jum| > em }) + 1B Joan jum|zem }

[t | dH™ L,

Cm

and u,, is an eigenfunction of the problem

— AUy = AU mn €,
Oy um+iu:0 on 0f2.
’ 1+ Bh,

The proof of the previous theorem is based on the optimisation of the Rayleigh quotient

2
v
\Vv|2d:v+ﬁ/ dH"
,th) _ /{; o0 1 +Bh ’
/v2dm
Q

among (v,h) € H'(Q) x H,,, and follows the approach of [36] for the proof of Theorem 4.29.
Moreover, the authors prove that the function

R(

m € (0,400) — Ay, € (0, 400)
is continuous, decreasing and that

lim A, =0, and lim A2 = \5,(Q),

m—r00 m—0t

where Ag1(€2) is the first eigenvalue of the Robin Laplacian on €.

To study problem (5.13), in [30], we prove the following continuity result with respect to the
convergence in H,, (see Definition 4.30).

Theorem 5.5. Let {h.} C H,, such that he converges to hg in Hy,. Let {\j(he)} and {\;(ho)}
denote the sequences of eigenvalues of problems (5.2), counted with multiplicity, and let {up_;}
be an orthonormal basis of eigenfunctions associated with the eigenvalues { \j(he) }. Then the
following properties hold:
o For every j € N,
lim Aj(he) = Aj(ho).

e—0t

o There exist €, a vanishing sequence and {up, ;} an orthonormal basis of eigenfunctions
associated with problem (5.2) such that

kgg_loonuhsk’j - uh07j||L2(Q) = 0. (515)

o Assume that X is an eigenvalue of multiplicity | for problem (5.2) such that
A =Aj(ho) = Ajy1(ho) = -+ = Aji(ho).

Then for all w such that w is an eigenfunction associated to A for (5.2), there exists a family
we such that we € span{up_j,...,un, j+i1} and

li — =0. 5.16
EE&”“’E wl|r2(q) (5.16)
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Proof. The assertion follows from Theorem 5.1. In particular, for every h € H,, and for every
f € L3(N) let up,,r be the solution to the Poisson problem

—Auy = f in Q,

(5.17)

Opouif + =0 on 09,

1+
and let

Th: fe LQ(Q) = up,f € LQ(Q)
be the associated resolvent operator. Then we have to prove that, if h. converges to hg in H,,,then
Th. and T, satisfy assumptions H1 - H.

€

Assumption HI trivially holds true, as the Hilbert space does not vary, so that R is the
identity. Assumptions HI-H4 follow from the continuity result of uj s in h (Proposition 4.32) and
the uniform Poincaré inequality (4.47) with a similar proof as Proposition 5.2. O

We then have the following proposition.

Proposition 5.6. Let j € N, let F: R? — R be a lower semicontinous function and Fix
i1,...,%; € N. Then the problem

i i (h)y e N (B
hrgg}nf(h( ) ()

admits a solution hg. Moreover, if F is increasing in every variable, hg saturates the integral

constraint, that is
/ hodH" ! =m.
0N

Proof. The existence result is a direct consequence of the lower semicontinuity of F, the continuity
result of Theorem 5.5 and the compactness of H,,.

To prove that, if F is increasing in each variable, then hg saturates the constraint, it is enough
to show that each eigenvalue A; is decreasing in h. Indeed, let hy and hg in H,, such that hy < ho,
then, in the notation of Definition 4.30, by, > bp,. Using the min-max characterization of the
eigenvalues, there exists V a j—dimensional subspace of H!(£2) such that

Jo [Vv]? da + [5q bn,v? dH"

Ai(hy) =
() veI‘I'/l\aE{O} Jov?dx
> max Jo Vo2 da + [ bp,v? dH™ 1
veV\{0} Jov?da

S wmin e Jo IVv|? dz + [0 bp,v? dH"

= N(h
~ VeG,; vev\{0} Jqv?dx (ha),

which proves the monotonicity. O

5.1.3 First-order development

We now prove a first-order asymptotic development, in e of the principal eigenvalue A. 1(h).
Namely, let H be the mean curvature of the boundary of 2, for every v € L2(9f2) and A € R, let

BHh(24Bh) o o1 h(3 4 33h + B?h?)
oo 20+ 8ne 7 )\/em 301+ )

we have the following theorem.

R(l)(v’ )\) g ,U2 d%n717
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Theorem 5.7. Let Q C R™ be a bounded, connected, open set with C*' boundary, and fix a
positive function h € C1Y(Ty,) such that h(x) = h(o(z)). Then

lim Aei(h) — Ai(h)

e—0t €

= RW (uy, M (R)), (5.18)

where uy is the eigenfunction associated to Ai(h) with |lui][z2q) = 1.

The idea of the theorem is similar to the one of Theorem 4.36 and is based on a simple
generalisation of Theorem 4.35. Let ¥, € Co’l(FdO; I'.q,) be the stretching diffeomorphism defined
in Definition 4.37 as

U (z) = 0(z) + ed(2)vo(2).

For every f € L*(R") let ug 5 and uy be the solutions to the Poisson problems

—Aue p = f in ,

—eAug = f in X, —Auy = f in Q,
B N and

Oyou_ p = 0yuly  on O, Opotif + T 5huf =0 on 09,

Oy g+ Buey =0  on S,

respectively. We have the following theorem.

Theorem 5.8. Let Q C R” be a bounded, open set with CY' boundary, and fiz a positive function
h € CY1(Ty,) such that h(z) = h(o(x)). Let f- € L*(Q:) and assume that there exist Cy > 0
such that for every e >0

| fas<cy (5.19)
Qe
and
/‘jfdxgsC}. (5.20)
Xe
Let ue = u 5. and
ue(2) if z € Q,

ue(Ve(z)) ifz € Xy

Then the family { .} is equibounded in H'(Q). Moreover, up to a subsequence, f- converges
weakly in L? to a function f with f = 0 almost everywhere in R™ \  and, up to an other
subsequence, G- converges weakly in H'(Q), as € goes to 0, to the function

ug(z) if z € Q,

us(o(z)) <1 - %) if z € ¥1.

We remark that if f. is not convergent, then the limit might depend on the subsequence.

ap(z) = (5.21)

Proof. The main difference with Theorem 4.35 is that now the right-hand side, f., does not vanish
in 3.. However, the non-concentration condition (5.20) and the equiboundedness condition (5.19)
are sufficient to prove the energy estimates Theorem 4.42 and to compute the limit equation as
in Proposition 4.39. For simplicity’s sake, we omit the details of the proof. O

Choosing f. = A jue j, we can apply the previous result to eigenfunctions. Namely, we have
the following corollary.
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Corollary 5.9. Let u.; be a sequence of normalised eigenfunctions of eigenvalue A ;(h). Then,
up to a subsequence, the functions . ; = u. ;o V. converge, weakly in H'(Q4) and strongly in
HY(Q) to

vj(2) if z € Q,

vi(o(2)) <1 - %) if 2 € 21,

where vj is a normalised eigenfunction of eigenvalue \;(h).

v;(2) =

We can finally prove Theorem 5.7.

proof of Theorem 5.7. We prove the theorem by evaluating the liminf and limsup separately.

Let us = u. 1 be the sequence of non-negative, normalised, first eigenfunctions. By the
variational characterisation

B 1
Vu 2da:+/ uZ dH™
M(h) < /Q’ . o 1+ Bh

i
/Uz
Q

>\871(h):/|Vu5|2dx+5/ |Vu5|2dx+,6’/ u?dH" L
Q >e Qe

while

Then

Aeg(h) = Ai(h) 1 / 2 / 2 —1 / B o 1
—_ L > d dH" " — dH"
. >- e E]Vugl x4+ B mauE H agl—i—ﬁhug H

2

2 Bu; n—1| 1 2
— d d - dx.
[/Q]Vug T+ o1+ h H ]E/EUE x

im 2ot = M) g Aet(h) = Au(h)
k—+o0 Ek e—0t €

Let ¢, such that

By Corollary 5.9 we have that, up to a further subsequence, u., converges in H'(Q) to the
non-negative normalised eigenfunction of A;(h), u; so that

puZ,

LT dH" = A (h). (5.22)

lim / |Vue, |* do +
0

k—-+oco Q

From Lemma 4.38 and Remark 3.16, we have

1 h(o
— ugk dx = / / agk (o + sv)J(eps,0)dsdH™
€k Jx., o0 Jo

where J(gs,0) — 1 uniformly for ¢ — 0%. Then, using again Corollary 5.9, (up to a subsequence)

Ug, converge to 1 in L?(%1), so that
/ / (o0 + sv)dsdH™ L,
o0

lim /
k—+o00 € Jn
which can be explicitly calculated as
W) ho) Bs  \? h(o)u(o)*(3 + 38h + 5°h?)
~9 2
ds = 1l————— | ds= .
/0 (0 + sv)ds = u(o) /0 ( 1+Bh(a)) s 301+ Bh)2

€k
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So that

o1 h(3 + 33h + B2h?) _
lim — 2 q :/ 2qHL 5.23
im / ul dx - 301+ gh)? u* dH ( )

On the other hand, let

1 g
A == \v4 2d / QdHn—l_/ Qd/}_[n—l ’
A [

arguing as in Theorem 4.36, and using Corollary 5.9 we can prove that

i 4 s [ BN+ )

2 n—1
d . 5.24
k—-+o00 80 2(1+ﬁh)2 “ H ( )

Finally, joining (5.24), (5.22) and (5.23), we have

lim inf W > RM (uy, A (R)).
Let now
u(zx) if x € Q,
d
ve(x) = S u(o(x)) <1 — M) if x € X,
0 if 2 € R"\ Q,

Then, using ¢, as a test function in the variational characterisation of A; 1(h), and using the fact
that . = w1 in 0, we have

- B 1
€ V%zdaz—kﬁ/ ©2dH"™ 1—/ u” dH"
Ae(h) = A(h) _ /EJ | 00, oo 1+ Bh

c 5<1+/ go?da:)

/cpgdx
Se
5<1+/ go?dx)

Then arguing as in Theorem 4.36, using the fact that ¢, converges to uixq in L?, and by direct

= A1(h)

computation, we finally have

Aei(h) — Ai(h)

. €,
lim sup
e—07+ €

< RW(ug, A1(h)).

O

Remark 5.10. We notice that if € is not connected, then the eigenvalue A;(h) might not be
simple. In this case, the theorem still holds in the following form:

hmw = min RW(v, A (R)),
€ € veE1(h)
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where E;(h) is the set of all L? normalised eigenfunctions associated with A;(h). Using the
min-max characterisation of the eigenvalues, we can prove that the theorem still holds for the

generic j-th eigenvalue in the following weaker form (see [30]):

Aed W =N S RO, 0 (h)),

lim inf =22 >
[ 13 ’UEEJ' (h)
and

lims.upM < max RW (v, \;(R)),
€ e ’UEEj(h)

where E;(h) is the set of all L? normalised eigenfunctions associated with A;(h).

5.2 The symmetry breaking phenomenon

The most interesting and surprising result on this topic is probably the symmetry breaking result
by [18] for the Dirichlet boundary condition (see also [13, 46, 45]), which has been recently
generalised to the Robin one in [38]. As the two results are closely related, we will start by briefly

introducing the Dirichlet case.

Let )\gl(h) be the first eigenvalue of the problem

—Au = Au in Q,
—eAu = du in X,
Oy~ = €0yu™  on 99,
u=20 on 0f)..

By the results of [42],
lim AP (h) = AP (h),

e—0t

which is the first eigenvalue of the problem
—Au = Au in Q,

1
Opout + Fu= 0 on 00

(5.25)

(5.26)

Notice that problem (5.26) is exactly the limit problem, for 5 going to infinity, of the eigenvalue

problem (5.2).

AP (Rh) can be variationally characterised as

2
/\w?dﬁ/ %d?—[”_l
MP(h) = min 22 0% .

veHL(Q) / 02
Q

Then, in [18], the authors study the optimisation of the Rayleigh quotient

2
/|VU\2dx+/ %d?—[”_l
RD(U,h): Q o

Q

among (v, h) € HY(Q) x H,,, and prove the following theorem.
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Theorem 5.11. For every m > 0, the problem

2D — min AP, (5.27)

admits a solution h2 which can be written as

D
h,?l —m ’Um’ ’
/ | !
o0

D s an eigenfunction of the problem

where u

—Aul = \DuD in Q,

1
Opyul) + h—u,% =0 on 0.
m

In analogy with Theorem 4.34, we remark that the function w,, in the previous theorem is
also a solution to the auxiliary problem

1 2
/|Vv|2dx+</ |u|dH"—1>
AP = min 2% M \Jog .
m v2

veHL(Q) /
Q

m € (0,400) — A2 € (0, +00)

(5.28)

Moreover, the function

is continuous, decreasing, and we have

lim AP =0, and lim A2 =)\P(Q),
m—»00 m—0+

where AP () is the first eigenvalue of the Dirichlet Laplacian on €.

We can now state the symmetry breaking result.

Theorem 5.12. Let Q) be a ball. There exists mg) > 0 such that the solution, u®, to the auxiliary

problem (5.28) is radial if m > mE and it is not radial if 0 < m < m¥. That is, the solution hL

to problem (5.27) is not constant when 0 < m < m{.

The value mOD is the unique solution to

where \)Y(Q) is the first non-zero eigenvalue of the Neumann Laplacian on . In [46], the value

was explicitly computed as
p_ n—1 PQ)?

T AN (Q) £ Q)

Notice that, by the Theorem 5.12, when 2 is a ball, for m > mg) , the optimiser h is constant so
that the value A2 is exactly the Robin eigenvalue with boundary parameter

Then, by the continuity of A2 and Ag1(€2), we have that, if  is a ball, then the unique solution
to
A51(Q) = A (Q)
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is given by
nL™(Q)

(D)
(n —1)P(©) -

Hq

B* = A3 ()

The symmetry breaking result in [38] is a generalisation of Theorem 5.12

Theorem 5.13. Let € be a ball. For every > [3* there exists mg > 0 such that the hy, is the
solution to problem (5.14) and u,, an associated eigenfunction as in Theorem 5.4, then

o if 0 < B < B*, uy is radial and h,, is constant;
o if B> % and 0 < m < mg, Uy, 1s not radial and h,, is not constant;
o if B> % and m > mg, up, s radial and h,, is constant.
The critical value mg is once again defined as the solution to
Am = )\é\f(Q)’
however, in this case A\, < Ag1(€2), so that the previous equation has a solution only when
A5.1(2) > AY(Q),

that is when 8 > 8*. As before, by continuity, we have that

e
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